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We prove that matrix-product unitaries (MPUs) with on-site unitary symmetries are completely classified by
the (chiral) index and the cohomology class of the symmetry group G, provided that we can add trivial and
symmetric ancillas with arbitrary on-site representations ofG. If the representations in both system and ancillas
are fixed to be the same, we can define symmetry-protected indices (SPIs) which quantify the imbalance in the
transport associated to each group element and greatly refines the classification. These SPIs are stable against
disorder and measurable in interferometric experiments. Our results lead to a systematic construction of two-
dimensional Floquet symmetry-protected topological (SPT) phases beyond the standard classification, and thus
shed new light on understanding nonequilibrium phases of quantum matter.
Introduction.— Classification of topological phases of mat-
ter is a central issue in modern condensed matter physics [1].
Particular recent interest is attracted by the classification of
topological systems far from thermal equilibrium [2–15]. This
tendency is largely driven by the remarkable experimental de-
velopments in atomic, molecular and optical physics, which
have opened up unprecedented flexibility for controlling and
probing quantum many-body dynamics [16–21]. Moreover,
understanding nonequilibrium phases of matter per se is of
fundamental theoretical importance in extending the conven-
tional paradigm of statistical mechanics to the largely unex-
plored nonequilibrium regime [22–24].
For equilibrium interacting systems, the arguably most
well-understood classification is that of one-dimensional (1D)
bosonic symmetry-protected topological (SPT) phases [25–
28] as ground states of gapped local Hamiltonians with sym-
metries. These 1D SPT phases are well described by the
matrix-product states (MPSs) [29–32], and are completely
classified by the second cohomology group [33–36], provided
that the symmetries are not spontaneously broken. An analo-
gous minimal setting in the nonequilibrium context is the clas-
sification of matrix-product unitaries (MPUs) [36–39], which
have been shown to be equivalent to quantum cellular au-
tomata [38]. They efficiently approximate finite-time 1D dy-
namics generated by local Hamiltonians [40]. While an MPU
can be regarded as an MPS with an enlarged local Hilbert
space, the classification of MPUs can be very different from
that of MPSs due to the unitarity requirement. Indeed, without
symmetry protection, MPSs can always be continuously de-
formed into product states, while MPUs are classified by the
(chiral) index quantized as the logarithm of a rational number
[37–39, 41]. Efforts have also been made to classify 1D SPT
many-body-localized (MBL) phases, and the result turns out
to be the same as that of ground-state SPT MPSs [42].
In stark contrast to the case of MPSs, the problem of clas-
sifying MPUs commuting with a local symmetry operation
stays unsolved. In this Letter, we address this problem for
general on-site unitary symmetries forming a finite group G.
First, we allow adding arbitrary symmetric ancillas (identi-
ties) with arbitrary on-site representations of G. We prove
that the combination of the index and the second cohomology
class completely classifies all the MPUs with given symme-
tries. This actually proves a conjecture raised by Hastings
[43] for quantum cellular automata. Second, we allow ancil-
las only with the same symmetry representation as the origi-
nal system. Here, we unveil a series of quantized symmetry-
protected indices (SPIs). Nonzero SPIs quantify an imbalance
of the left and right transport of each group element in the
Heisenberg picture. We identify an observable signature of
SPIs as the asymmetries in the two edges of symmetry-string
operators evolved by the MPU, and propose an interferometry
experiment for probing the SPIs relative to the index.
Our results have direct implications in the classification of
Floquet SPT phases [44]. Given a 2D Floquet system with
boundary in the MBL regime, its edge dynamics is well de-
scribed by an MPU [37]. Here, we construct a class of 2D
Floquet systems with edge MPUs characterized by nontrivial
SPIs, and provide a unified picture for understanding the edge
dynamics of 2D intrinsic Floquet SPT phases as symmetry-
charge pumps.
Matrix-product unitaries (MPUs).— We are interested in
1D quantum dynamics that keep locality, i.e., the unitaries U ’s
that map any operator O supported on a finite region R into
U†OU supported on another finite region R′ ⊇ R. In partic-
ular, we wish to classify all possible U that can continuously
be deformed into each other by keeping locality, which de-
fines different dynamical phases. According to Ref. [38], this
allows us to use MPUs, which we define in the following.
An MPU of length L is a unitary operator U (L) :
(Cd)⊗L → (Cd)⊗L generated by a rank-four tensor U :
U (L) =
∑
i1,...,iL,j1,...,jL
Tr(Ui1j1 . . .UiLjL) |i1, . . . , iL〉〈j1, . . . , jL| .
(1)
The dimension D of the matrices Uij is called bond dimen-
sion. After blocking k, at most D4 times (combining multiple
physical indices into one index), U → Uk is termed simple
and U (L) acquires the standard form
=
u u
v v
UkUkUkUkUk
(2)
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2in terms of unitaries u : (Cd
k
)⊗2 → Cl⊗Cr and v : Cr⊗Cl →
(Cd
k
)⊗2. We apply operators in the graphical notation from
bottom to top. The unitaries are unique up to gauge trans-
formations u → (X† ⊗ Y †)u, v → v(Y ⊗ X), where d is
the local Hilbert-space dimension before blocking, X ∈ U(l)
and Y ∈ U(r). Conversely, two arbitrary unitaries u and v
generate an MPU, possibly with the unit cell doubled.
We will focus our attention on G-symmetric MPUs which
commute with a unitary representation ρg of the finite group
G, [ρ⊗Lg , U
(L)] = 0. Henceforth, we omit the length L due to
the translation-invariance of MPUs and assume the standard
form. Although we assume translation invariance throughout
the letter, all the topological indicators we unveil can be shown
to be stable against disorder [45]. The essential physics be-
hind the stability is the locality-preserving constraint, which
is obviously satisfied by the standard form (2) even if u and v
are position-dependent.
Equivalence and complete classification.— We classify the
MPUs according to
Definition 1 (Equivalence) Two G-symmetric MPUs U0 and
U1 are equivalent if we allow for blocking (i.e., treat multiple
sites as a single site), and the addition of local ancillas with
the identity operator, such that the MPUs can then be contin-
uously connected within the manifold of symmetric MPUs.
Here, by adding local ancillas to an MPU U , we mean that we
take the enlarged MPU U ′ = U ⊗1⊗La on (Cd⊗Cda)⊗L, and
consider the representation ρ′g = ρg ⊗ σg , where σ can be an
arbitrary representation of G on Cda .
MPUs can be considered as MPSs by bunching the
two physical indices of each tensor into one. Thus, G-
symmetric MPUs can be associated to a cohomology class in
H2(G,U(1)) [46]. However, the fact that they are unitary
gives extra restrictions. In order to analyze these restrictions,
we employ the standard form (2) and note that, due to the
gauge redundancy, the action of the symmetry on the building
blocks consists of two projective representations xg and yg:
u
ρ†g ρ
†
g
=
x†g y
†
g
u v
ρg ρg
=
yg xg
vand .
(3)
Both xg and y∗g belong to the same cohomology class as the
associated MPS [45].
The index [38, 39, 41] of the MPU is defined as
ind ≡ 1
2
log
r
l
=
1
2
log
Tr ye
Trxe
(4)
for the identity e ∈ G; it captures the imbalance of right and
left-moving information. Both index and cohomology class
are stable under blocking and additive under tensoring as well
as composition of MPUs [45].
As Hastings conjectured [43], equivalent phases are indeed
completely classified by index and cohomology:
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FIG. 1. (color online). (a) G-symmetric MPS evolved by a G-
symmetric MPU with the cohomology classes summing up. (b)
Z2 × Z2-symmetric MPU in the nontrivial cohomology class. Here
◦ is the delta tensor and H is the Hadamard matrix. (c) Stroboscopic
dynamics of the entanglement spectrum (ES) governed by (b) start-
ing from a symmetric product state.
Theorem 1 (Equivalence) Two symmetric MPUs U0 and U1
with the same or different symmetry representations are equiv-
alent if and only if they share the same indices and same co-
homology classes.
Note that the necessity of same indices was shown by Cirac et
al. [38]; that of same cohomology classes follows from [34],
just as for MPS. We then only have to construct an explicit
path that continuously connects U0 with U1. This turns out
to be always possible after a symmetrization of the on-site
symmetry representations of U0 and U1 and a regularization
through attaching ancillas with regular representations [45].
Examples of MPUs with nontrivial cohomology classes are
already found in Refs. [47, 48] as the edge dynamics of 2D
intrinsic Floquet SPT phases [49]. Initialized as a symmet-
ric state, a nontrivial 1D edge evolves from one SPT phase
into another after each Floquet period, reminiscent of the dis-
crete time crystals which toggle between different symmetry-
broken phases [50–53]. In the tensor-network picture, we
can understand this “topological discrete time-crystalline os-
cillation” from the virtual level — when a symmetric MPS is
evolved by a symmetric MPU, their cohomology classes sim-
ply sum up (see Fig. S1(a)). To diagnose this phenomenon,
we may trace the stroboscopic evolution of the entanglement
spectrum [10, 12, 13], which is experimentally accessible
by many-body-state tomography [54] or interferometric mea-
surement [55]. For the G = Zn × Zn SPT MPU corre-
sponding to the generator of H2(G,U(1)) = Zn [47], start-
ing from a symmetric trivial state, we will obtain (at least)
(n/gcd(n, t))2-fold degeneracy in the entanglement spectrum
after t time steps [45]. See Figs. S1(b) and (c) for the simplest
case n = 2. More general examples with nontrivial cohomol-
ogy classes are available in the Supplemental Materials [45].
Strong equivalence and symmetry-protected indices.— In
real physical systems with symmetries, the representation is
usually determined by the microscopic details and cannot be
changed freely. This motivates us to ask how the classifica-
tion will be modified if the representation is fixed. Forbidding
arbitrary representations for the ancillas in Def. 1 leads to
Definition 2 (Strong Equivalence) Two G-symmetric MPUs
U0 and U1 are strongly equivalent if (i) their on-site repre-
3sentations are (generally different) powers of a single fixed
representation ρ of G and (ii) they can be continuously con-
nected within the manifold of symmetric MPUs upon blocking
and/or adding identities as ancillas with representation ρ.
If ρ is regular, we will return to Thm. 1. Otherwise, there
is at least one g 6= e with character χg ≡ Tr ρg 6= 0. In
this case, the notion of strong equivalence refines the phase
structure beyond Thm. 1, as revealed by the SPIs which are
natural generalization of the index (4) to other group elements:
Definition 3 (Symmetry Protected Index) Given a G-
symmetric MPU U for which we can determine xg and yg
from a standard form, the SPI with respect to g ∈ G with
χg 6= 0 is defined as
indg ≡ 1
2
log
∣∣∣∣Tr ygTrxg
∣∣∣∣ . (5)
Given a blocking number k, the SPI is well defined since the
absolute value removes the phase ambiguity and the trace is
gauge-invariant. Moreover, we can show that, just like ind =
inde [38], indg is invariant under blocking and additive under
tensoring and composition [45].
We further claim that the SPI is a topological invariant for
strong equivalence. Recall that indg does not rely on blocking
and is obviously invariant if we add identities with the fixed
representation. Moreover, it can be shown that indg is con-
tinuous and stays discretized during a continuous deformation
[45]. Therefore, the SPI is a quantizied topological invariant,
implying
Theorem 2 Two symmetric, strongly equivalent MPUs share
the same SPI for all group elements with χg 6= 0.
The contraposition of Thm. 2 allows us to use SPIs to
distinguish topologically different MPUs. For cyclic groups
G = Zn with n ≥ 3, the minimal nontrivial example is the
bilayer SWAP circuit of qubits [38], where a single site con-
tains two qubits and ρ1Zn = 1 ⊗ Zωn (1Zn : generator of
Zn) and Zωn ≡ |0〉〈0| + e2pii/n|1〉〈1| (see Fig. 2(d)). We
can check that x1Zn = 1
⊗2 and y1Zn = Z
⊗2
ωn , leading to
ind1Zn = log | cos pin | 6= 0, which is sufficient to rule out the
strong equivalence between the bilayer SWAP circuit and the
identity. However, having ind = 0 and trivial cohomology, it
is still equivalent to the identity. While the SPI therefore al-
lows for an enriched classification for strong equivalence, the
classification provided by Thm. 2 is not complete [45].
Physical implication and experimental probing of SPIs.—
Similar to the cohomology character, the SPI (5) is defined
on the virtual level, so its physical meaning is not clear at
first glance. Having in mind that SPT phases with nontrivial
cohomology classes usually exhibit exotic edge physics [56],
we are naturally led to think about a similar situation for SPIs,
which depend on g. In fact, we can consider a sufficiently
long string operator ρ⊗Ng evolved by the MPU and show that
the g-string operator will almost stay unchanged, except that
near the left and right edges two 2k-site unitaries Lg and Rg
1
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FIG. 2. (color online). (a) Symmetry string operator evolved
by a symmetric MPU. Only the left and right edges are modified
into Lg and Rg , respectively. (b) Tensor-network representation of
TrB [TrA U TrA U
†] = Tr[USU†S], where S (green rectangles) is
the SWAP operator between subsystem A and its copy A′. (c) In-
terferometric approach to probing the relative SPI (6). Initially, the
qubit is set to be |0〉 while the remaining part is prepared as the
infinite-temperature state ρ∞. Here H is the Hadamard gate and the
controlled-SWAP gates read UCS = |0〉〈0|⊗1A′A+ |1〉〈1|⊗S. The
final expectation value 〈X〉 of the qubit is related to |TrLg| and thus
the relative SPI. (d) Bilayer SWAP circuit subject to Zn symmetry.
(e) SPI of (d) with respect to 1Zn=3 determined by linear fitting (7).
emerge (see Fig. 2(a)). These two unitaries on the physical
level are related to xg and yg on the virtual level via Lg =
u†(xe ⊗ yg)u and Rg = u†(xg ⊗ ye)u, leading to
indg − ind = 1
2
log
∣∣∣∣TrLgTrRg
∣∣∣∣ . (6)
It is now clear from Eq. (6) that indg gives a measure of the
edge imbalance in the g-string operator evolved by the MPU.
Equation (6) also opens up the possibility for practi-
cally measuring the SPI relative to the index. Note that
TrLg TrRg = d
2kχ2kg , it is sufficient to measure either
|TrLg| or |TrRg|. This problem can be simplified into how
to measure |TrUA| for a subsystem unitary UA embedded
in U = UA ⊗ UB , where the Hilbert-space dimension dB
of subsystem B can be much larger than dA, that of sub-
system A. Combining |TrUA|2 = d−1B TrB [TrA U TrA U†]
with the identity in Fig. 2(b), we obtain |TrUA|2 =
d2A Tr[USρ∞U
†S], where S is the SWAP operator acting on
A and a copy A′ and ρ∞ ≡ d−2A d−1B 1A′AB is the infinite-
temperature state of the entire system including A′. Since
eventually we rewrite |TrUA|2 into the form of a Loschmidt
echo, we can measure it by means of the standard interfero-
metric approach [57–60].
We sketch out the experimental scheme in Fig. 2(c), where
an auxiliary qubit is introduced and either of two controlled-
SWAP gates consists of 2k two-site ones acting on a region A
4near the left domain wall and its copy A′. By measuring the
final expectation value 〈X〉 for the Pauli X of the auxiliary
qubit, we can determine the relative SPI from
indg − ind = 1
2
log〈X〉+ k log d|χg| . (7)
If d and χg are unknown, we are still able to measure 〈X〉with
increasing length 2k of A and then extract indg from a linear
fitting. See Fig. 2(e) for the example of the bilayer SWAP
circuit subject to Z3 symmetry.
General parent Floquet systems as symmetry-charge
pumps.— Recalling the relation between MPUs and Floquet
systems, the (strong) equivalence between MPUs are nec-
essary for the (strong) equivalence between the correspond-
ing G-symmetric 2D MBL Floquet systems – they are con-
tinuously connected without crossing a delocalization point
[37, 47, 48]. This is because MBL implies a spatial factor-
ization of the bulk Floquet unitary and its separation from the
boundary unitary, which is 1D, locality-preserving and thus
well described by an MPU [37]. A continuous deformation of
the Floquet system thus gives rise to that of the edge MPU.
Conversely, two inequivalent MPUs sufficiently distinguish
their parent Floquet systems.
It is thus natural to ask whether an MPU with nontriv-
ial SPIs can be embedded into a parent Floquet system, just
like those with nontrivial indices [37] and cohomology classes
[47, 48]. Since topologically different MPUs distinguish dif-
ferent MBL parent Floquet systems, the embeddability would
imply a new class of 2D SPT Floquet phases characterized by
SPIs. We answer in the affirmative by giving a general con-
struction shown and explained in Fig. 3(a), whose bulk is triv-
ial and thus many-body localizable [61], while the edge dy-
namics is governed by an MPU generated by u and v = u†Sv,
where Sv exchanges the virtual Hilbert spacesCl andCr. This
construction is inspired by the standard form (2) and the four-
step SWAP model [37, 62, 63] — we compose two four-step
SWAP processes, one on the left virtual Hilbert spaces and
pulled back by u, and the other on the physical level.
The above general construction of parent Floquet systems
in turn gives a simple symmetry-charge-pump picture for topo-
logical MPUs. Here a G-symmetry charge refers to a Hilbert
space on which G acts as a linear (integer charge) or projec-
tive representation (fractional charge). These charges can fuse
or split following the fusion rules set by the group structure.
With the physical and the left virtual charge in the standard
form denoted as q% ≡ kqρ and qx [64], an MPU segment cou-
pled to two symmetry reservoirs Rl,r right-translates q% and
left-translates qx (see Fig. 3(b)). In fact, the cohomology class
and the SPIs (including the index) are all characters of the net
symmetry-charge current q% − qx. This picture unifies all the
related previous works as special situations, such as G = {e}
[37, 63] and Trxg = Tr %g = δge dim % [47, 48]. Remark-
ably, this picture gives an intuition into Eq. (6): We regard two
equally long segments centered at the edges of a g-string op-
erator as Rl,r, which are connected by two pumps with inputs
g and e (see Fig. 3(c)). We can then interpret Eq. (6) as an
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FIG. 3. (color online). (a) 2D Floquet system with a trivial bulk
and a nontrivial edge dynamics (shaded in magenta) governed by
an MPU. The open (periodic) boundary condition is imposed to the
vertical (horizontal) direction. In the first (left panel)/second (right
panel) half period, we apply u-conjugated (thick black bonds) SWAP
gates (thick color bonds)/physical-level SWAP gates (color bonds)
sequentially as red→blue→green→orange. (b) MPU segment as a
symmetry-charge pump that transfers q% from Rl to Rr and qx from
Rr to Rl. The circuits above/below the dashed line are generated by
the left/right panel in (a). (c) Edge imbalance (light/dark purple) in
an evovled g-string operator (pink) from current imbalance (6).
equation of continuity, with the left- and right-hand sides be-
ing the current and the change of charge, respectively. There
is a factor 12 since a net flow of charge q causes 2q charge
imbalance.
Summary and outlook.— We have focused on the classi-
fication problem of symmetric MPUs, where the symmetry
representation can be arbitrary or fixed. In the former case,
we achieve a complete classification based on the index and
the cohomology class. In the latter case, we unveil a set of
experimentally accessible SPIs that enrich the classification
and lead to the discovery of a new class of 2D Floquet SPT
phases. However, the complete classification in the latter case
stays an open problem, which we leave for future work. Other
directions for future studies include the generalization to anti-
unitary [38] and continuous symmetries, fermionic systems
[65] and higher dimensions [66]. Since both SPIs and coho-
mology classes apply to inhomogeneous unitaries, it would
also be interesting to study the impact of topology on infor-
mation scrambling in random circuits [67–73].
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7Supplemental Materials
We provide the details on the proof of Theorem 1, some
analytical and numerical results on the Zd × Zd SPT MPU, a
rigorous formalism of the (refined) SPIs for MPUs and gen-
eral locality-preserving unitaries, and a general construction
of parent Floquet systems.
DETAILED PROOF OF THEOREM 1
In this section, we give details about equivalence and com-
plete classification of symmetric MPUs. First, we will show
how to define an MPU’s cohomology class and demonstrate
some basic facts thereof mentioned in the main text. Then, we
will provide detailed proofs of a Lemma and the equivalence
classification Theorem 1.
Cohomology class of a symmetric MPU
Let us assume that the tensor U generating the L-site MPU
U (L) is simple such that it has a standard form (Eq. (2) in the
main text) unique up to gauge invariance. This can always be
achieved by blocking U . Since
U (L) = (ρ⊗Lg )U
(L)(ρ⊗Lg )
† (S1)
we know that u and v from the standard form of the LHS gen-
erate the same MPU as u(ρ†g ⊗ ρ†g) and (ρg ⊗ ρg)v from the
standard form of the RHS. The gauge freedom of the stan-
dard form then immediately results in the existence of uni-
tary xg, yg as in Eq. (3) in the main text, relating the standard
forms of LHS and RHS. Applying the the group elements g
and h separately or jointly,
v(ygyh ⊗ xgxh) = (ρgh ⊗ ρgh)v = v(ygh ⊗ xgh), (S2)
such that yg ⊗ xg forms a linear representation. Hence yg
and xg form projective representations that have opposite
phase terms ω(g, h) ∈ U(1), xgxh = ω(g, h)xgh, ygyh =
ω−1(g, h)ygh, and thereby opposite cohomology classes.
According to Ref. [38], an MPU U can be considered as a
normal MPS. We can thus identify a projective representation
zg on the virtual level of U [33]:
ρg
ρ†g
U = z†g zgU .
(S3)
To relate the cohomology class of xg (or yg) to that of zg aris-
ing from the viewpoint of U as an MPS, consider the building
blocks of a singular value decomposition of v
= v ,
(S4)
that transform as follows:
ρg
= z†g
xg
and
ρg
= zg
yg
.
(S5)
Similarly to above, zg and xg are projective representations
of the same cohomology class. It is apparent that zg does not
change when blocking. When composing or tensoring two
symmetric MPUs with representations z′g and z
′′
g , the pro-
jective representation on the MPS level becomes the tensor
product zg = z′g ⊗ z′′g , summing the cohomology classes.
Note that zg may act on a redundant virtual Hilbert space,
where the unique (right) fixed point ρ ≥ 0 determined by U
contracted from U ′ and U ′′ is not full-ranked. Nevertheless,
denoting V P as the maximal truncated virtual Hilbert space
within which ρ > 0 and V Q as its complement, we can show
from [zg, ρ] = 0 (due to the uniqueness of the fixed point)
that zg = zPg ⊕ zQg , where zPg and zQg act only on V P and
V Q, respectively. Moreover, both zPg and z
Q
g form a projec-
tive representation with the same factor set, and thus the same
cohomology class as zg . Therefore, with the virtual Hilbert
space truncated to make U normal, its cohomology class is
still the same as the sum of those of U ′ and U ′′.
Finally, let us remark that there actually exist MPUs with
zero index and nontrivial cohomology class. The Zd × Zd-
symmetric MPUs in Sec. can serve as such an example.
Proof of a Lemma
The following lemma is crucial for proving Theorem 1:
Lemma 1 Each symmetric MPU U of zero index and trivial
cohomology is equivalent to the identity.
Proof: We may assume that U is simple, since blocking is
allowed in the definition of equivalence. Since U has triv-
ial cohomology, αgxg and βgyg are linear representations for
suitable αg, βg ∈ U(1). We now want to get rid of the phases
such that xg and yg directly are linear representations. To this
end, perform the transformation
x′g = αgxg and y
′
g = (αgβg)
−1βgyg (S6)
which does not alter Eq. (3) in the main text and leaves the
linear representation
xg ⊗ yg = x′g ⊗ y′g = (αgβg)−1 ⊗ (αgxg)⊗ (βgyg) (S7)
invariant. On the RHS, the leftmost factor must be a (one-
dimensional) linear representation because the other tensor
product factors already are linear representations. Therefore,
both x′g and y
′
g are linear representations. To unclutter nota-
tion, we call them xg and yg in the following.
Now we regularise by adding ancillas (identities) to U . We
are free to choose the regular representation ρregg as the action
8of the symmetryG on the ancillas. This yields the tensor Uk⊗
1dim ρreg , and the standard form is affected in the following
way:
=
u u
v v
.
UkUkUkUkUk
(S8)
Blocking the original physical legs together with the ancillas,
the blocked local symmetry is ρ˜g = ρg ⊗ ρregg . It acts on the
unitaries of the blocked standard form v˜ = v ⊗ 1(dim ρreg)2 as
(ρ˜g ⊗ ρ˜g)v˜ = v˜
(
(yg ⊗ ρregg )⊗ (xg ⊗ ρregg )
) ≡ v˜(y˜g ⊗ x˜g).
(S9)
In fact, ρ˜g, x˜g, and y˜g are equivalent linear representations.
To see this, let us demonstrate that τ ⊗ ρreg is equivalent to a
dim τ -fold copy of ρreg for any linear representation τ . Within
the character theory of finite groups [74], we can calculate
Tr(τg ⊗ ρregg ) = Tr(τg)(dim ρregg )δge = (dim τe) Tr(ρregg ),
(S10)
with the identity e ∈ G. Since the MPU is index zero, ρg, xg,
and yg have the same dimensions and ρ˜g, x˜g, and y˜g are there-
fore equivalent representations.
The equivalence of representations means that there exist
two unitaries X and Y such that x˜g = Xρ˜gX† and y˜g =
Y ρ˜gY
†, implying
[ρ˜g ⊗ ρ˜g, v˜′] = [ρ˜g ⊗ ρ˜g, u˜′] = 0, ∀g ∈ G, (S11)
where v˜′ = v˜(Y ⊗ X) and u˜′ = (X† ⊗ Y †)u˜ are related
to v˜ and u˜ by a gauge transformation, so they generate the
same MPU. Thanks to Eq. (S11), we can find two Hermitian
operators hu and hv such that u˜′ = e−ihu and v˜′ = e−ihv and
[ρ˜g ⊗ ρ˜g, hu] = [ρ˜g ⊗ ρ˜g, hv] = 0, ∀g ∈ G. (S12)
Defining u˜′(λ) ≡ e−iλhu and v˜′(λ) ≡ e−iλhv , we immedi-
ately know that the generated MPU U(λ) gives a continuous
path which respects all the symmetries and interpolates U and
the (global) identity I ≡ 1⊗L. 
Proof of Theorem 1
As mentioned in the main text, it was already proven
in [34, 38] that identical indices and identical cohomology
classes are necessary for two MPUs to be equivalent. For
the reverse direction, we will now construct an explicit path
connecting the MPUs.
If U0 and U1 have different representations ρ0 and ρ1 of
the symmetry, we may add ancillas (identities) with ρ1 and
ρ0 to U0 and U1, respectively. The composition U
†
1U0 is then
symmetric with the representation ρ0 ⊗ ρ1. Since U0 and U1
have the same cohomology class and index, their additivity
under composition leads to U†1U0 having trivial cohomology
class and zero index. Therefore, we can apply Lemma 1 to
U†1U0 to find a one-parameter class of symmetric MPUs Vλ
such that V0 = I and U
†
1U0 = V1. This gives a continuous
path Uλ ≡ U0V †λ which is symmetric under G for ∀λ ∈ [0, 1]
and connects U0 and U1.
Zd × Zd SPT MPUS
In this section, we represent the Zn ×Zn SPT edge unitary
in Ref. [47] into the MPU form and show that its cohomology
class is nontrivial. We also discuss the general feature in the
time evolution of the entanglement spectra and provide both
analytical and numerical demonstrations. Since the Zn × Zn
SPT MPUs act on qudit systems with the local Hilbert-space
dimension being d = n, we would like to use Zd × Zd sym-
metry throughout this section.
Building block and the standard form
Specifying the representation of Zd × Zd symmetry group
as ρ(m,n)∈Zd×Zd = Z
m ⊗ Zn, where Zij ≡ δijωjd, we can
write down the generator of nontrivial SPT MPUs (cohomol-
ogy group) as [47]
USPT = e
−i 2pid
∑
j(−)jNj,XNj+1,X , (S13)
where NX ≡
∑d−1
j=1
Xj−1
ω−jd −1
with Xij = δi+1,j [75], which
satisfies XZ = ωdZX . With the delta tensor and the general-
ized Hadamard matrix defined diagramatically as
i
j
k
≡ δijδjk, j H k ≡ ωjkd
(S14)
under the eigenbasis ofXj’s, the building block of the Zd×Zd
SPT MPU (S13) can be represented as
U =
H
H†
.
(S15)
Note that the delta tensor and the generalized Hadamard ma-
trix satisfy
Zn
= Zn
Zn
,
Zn
= Z−n
Zn
,
Xn
= Xn =
Xn
,
(S16)
9HZn = H X−n , HXn = H Zn .
Using these relations (S16), for ∀ρ(m,n) = Zm⊗Zn, we have
H
H†
Zm Zn
=
H
H†Z−m
Zm
Zm Zn
Zn
Z−n
= ωmnd
H
XnZ−m
X−n
Zm Zn
H†
X−m
(S17)
= ωmnd
H
X−m H†
Zm Zn
Z−mX−n Xn
=
H
H†
Zm Zn
X−nZ−m ZmXn
.
Therefore, the projective representation on the virtual level
reads
z(m,n) = Z
mXn. (S18)
According to the building block (S15), we can write down
the standard form as follows:
u =
H H
H†
,
(S19)
v = H† .
Using Eq. (S16), we can determine the projective representa-
tions xg and yg on the virtual level of the standard form as
x(m,n) = ω
−mn
d X
nZm ⊗ Zn,
y(m,n) = Z
m ⊗XmZn. (S20)
It is easy to check ωx((m,n), (m′, n′)) = ωm
′n
d =
ωz((m,n), (m
′, n′)), which is consistent with the general re-
lation that xg and zg belong to the same cohomology class.
The MPU representation (S15) in turn gives us an elegant
picture of the associated 2D Floquet system with a trivial bulk.
As shown in Fig. S1, the 2D Floquet unitary is a product of
commutative local unitaries and acting on gray and white
plaquettes, respectively. Since and are actually small
SPT MPU with 2 unit cells, the entire 2D Floquet unitary is
locally implemented under the symmetry constraint. While
the bulk turns out to be trivial due to that and cancel
out, we obtain an anomalous edge as Eq. (S13), which is not
locally implementable under the symmetry constraint [47].
General constraint on the entanglement-spectrum dynamics
Starting from a trivial symmetric MPS |Ψ0〉, after t steps
of time evolution by a Zd × Zd SPT MPU with the same
cohomology class as Eq. (S13), the entanglement spectrum
(under the periodic boundary condition) must be at least
(d/gcd(d, t))2-fold degenerate. To show this, we first point
out a useful property that the spectrum of the transfer matrix
of an MPS is conserved during the time evolution by an MPU.
This result comes from the unitary nature of time evolution,
which implies Tr(
∑
jMj ⊗ M¯j)L = Tr(
∑
jM
′
j ⊗ M¯ ′j)L for
arbitrary L ∈ Z+, Mj ∈ CD×D and M ′j =
∑
j′ Ujj′Mj′ .
In particular, if the transfer matrix of |Ψ0〉 has a unique
fixed point, the uniqueness is preserved for |Ψt〉. Let Λ
be the unique fixed point point of the transfer matrix of
|Ψt〉, it is known that the entanglement spectrum is given
by {λαλβ}Dα,β=1, where λα’s are the eigenvalues of Λ [31].
Moreover, following the same analysis for the composition of
two MPUs in Sec. , we know that the cohomology-class sum
rule applies equally to an MPS evolved by an MPU.
Denoting the projective representation on the virtual level
of |Ψt〉 ≡ U tSPT|Ψ0〉 as V(m,n), we know from the additivity
= H
= H†
FIG. S1. 2D Floquet SPT model with a trivial bulk and an anomalous
edge dynamics governed by the Zd × Zd SPT MPU (S13).
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of the cohomology class that
V(m,n)V(m′,n′) = ω
tm′n
d V(m+m′,n+n′) (S21)
for some phase gauge. Moreover, due to the uniqueness of the
fixed point, we have [V(m,n),Λ] = 0 for ∀(m,n) ∈ Zd × Zd.
Noting V d(1,0) = 1v, the identity on the virtual level, we can
define a set of projectors Pn∈Zd ≡ d−1
∑
j∈Zd ω
−jn
d V
j
(1,0)
satisfying PnPm = δmnPn,
∑
n∈Zd Pn = 1v and PnV(1,0) =
V(1,0)Pn = ω
n
dPn. Now consider an arbitrary eigenstate |λ〉v
of Λ with eigenvalue λ, there should be at least one Pn0 such
that Pn0 |λ〉v 6= 0 and thus |λn0〉v ≡ Pn0 |λ〉v/‖Pn0 |λ〉v‖ is
a common eigenstate of Λ and V(1,0) with eigenvalues λ and
ωn0d , respectively. Using Eq. (S21), we have
V(1,0)V
n
(0,1)|λn0〉v = ω−tn+n0d V n(0,1)|λn0〉v, (S22)
so V n(0,1)|λn0〉v are also common eigenstate of Λ and V(1,0)
with eigenvalues λ and ω−tn+n0d , respectively. Since
ω−tn+n0d takes d/gcd(d, t) different values, the degeneracy in
the entanglement spectrum should be at least (d/gcd(d, t))2.
Analytical and numerical examples
We consider an analytically solvable case in which |Ψ0〉 =
|0Z〉⊗2L (|jZ〉 defined from Z|jZ〉 = ωjd|jZ〉) is evolved by
the MPU in Eq. (S13). With the local basis chosen as the
eigenstates of X , the MPS building block for |Ψt〉 is given by
[MX(a,b)]αβ = d
−1δαaω
tb(α−β)
d , (S23)
where we have used 〈jX |j′Z〉 = ω−j
′j
d /
√
d with j′ = 0 (|jX〉
defined from X|jX〉 = ωjd|jX〉). To make the representation
matrix of Zd × Zd symmetry diagonal, we prefer to use the
Z-basis, under which
[MZ(a,b)]αβ = d
−1 ∑
a′,b′∈Zd
ωa
′a+b′b
d [M
X
(a′,b′)]αβ
= d−1ωαad δ(β−α)t,b,
(S24)
which is zero unless gcd(d, t) ≡ q|b. When q|b, defining b˜ ≡
b/q, d˜ ≡ d/q and t˜ ≡ t/q, we have
MZ(a,b) = d˜
−1ZaX b˜t˜
−1
P, (S25)
where t˜−1 is the well-defined inverse (due to gcd(d˜, t˜) = 1)
of t˜ on Zd˜ and P ≡ q−1
∑
j∈Zq X
jd˜ is a projector with rank
TrP = d/q = d˜. Since P 2 = P , M˜Z(a,b) ≡ PMZ(a,b) gives
the same MPS and the bond dimension is d˜. This result al-
ready implies that the “least” case of (d/gcd(d, t))2 = d˜2-fold
degeneracy is achievable. Moreover, defining XP ≡ PXP
and ZP ≡ PZqP , we can check that X d˜P = Z d˜P = P ,
XPZP = ωd˜ZPXP and PZ
aP = 0 unless a = qa˜, in
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FIG. S2. Stroboscopic dynamics of (a) the entanglement spectrum
and (b) the entanglement entropy governed by the Floquet unitary in
Eq. (S29) starting from |Ψ0〉 = |0Z〉⊗2L. The top, middle and bot-
tom rows correspond to the cases of d = 2 (qubit), d = 3 (qutrit)
and d = 4 (ququard), respectively. Times steps with SPT-enforced
entanglement-spectrum degeneracy are shaded in (a). Inserts in (b)
show the h dependence of the crossover time t∗ is determined from
Eq. (S30). The entanglement dynamics in finite qubit systems are
obtained by exact diagonalization while those in infinite qutrit and
ququard systems are obtained by iTEBD with varying bond dimen-
sion χ = 100 ∼ 1500 such that the numerical results converge.
which case PZaP = Z a˜PP = PZ
a˜
P . Therefore, we obtain
M˜Z(a,b) = 0 except for
M˜Z
q(a˜,b˜)
= d˜−1Z a˜PX
b˜t˜−1
P , (S26)
Under the Z-basis, the action of Zm⊗Zn on |aZbZ〉 is just a
phase ωam+bnd , so the projective representation on the virtual
level can be determined as
V(m,n) = Z
nt˜
P X
−m
P , (S27)
which satisfies
V(m,n)V(m′,n′) = ω
−mn′ t˜
d˜
V(m+m′,n+n′). (S28)
Since ω−mn
′ t˜
d˜
= ω−mn
′t
d = ω
m′nt
d ω
−t(mn′+m′n)
d
and ω−t(mn
′+m′n)
d = ω
−(m+m′)(n+n′)t
d /(ω
−mnt
d ω
−m′n′t
d ),
Eq. (S28) can be related to Eq. (S21) by a gauge transforma-
tion.
If USPT in Eq. (S13) is perturbed in a symmetry-preserving
manner, the strict d-fold period multiplication generally dis-
appears but the constraint on the entanglement-spectrum de-
generacy should still be valid. For simplicity, we consider the
followingZd×Zd-symmetric MPU which belongs to the same
phase as USPT:
UF = e
−ih∑j NZUSPT, (S29)
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where NZ ≡
∑d−1
j=1
Zj−1
ω−jd −1
. We perform numerical studies
on the stroboscopic dynamics of both entanglement spectrum
and entropy for d = 2, 3 and 4 with varying h. In particular,
we study the finite-size effect using exact diagonalization for
d = 2 (with h = 0.1 only) while we focus on infinite systems
for d = 3 and 4 using iTEBD [76]. As shown in Fig. S2, while
the growing (with oscillation) entanglement entropy indicates
that the system will eventually thermalize, we do observe the
(at least) (d/gcd(d, t))2-fold degeneracy in the entanglement
spectrum. Even in a qubit system with L = 6, the (at least)
4-fold degeneracy at odd time steps is only slightly lifted (not
visible in Fig. S2(a)), implying that the SPT discrete time-
crystalline oscillation is, in principle, observable in small sys-
tems.
It is also worth mentioning that the entanglement entropy
SE exhibits a crossover between two dynamical regimes with
large and small oscillations accompanied by the growth. The
crossover time t∗, which we determine from
t∗ =
1
d− 1
d−1∑
s=1
t∗s, t
∗
s ≡ min{t : S(s)E (t) = S(0)E (t)},
(S30)
where S(s)E (t) is a continuation of SE(t = nd + s)
(s ∈ Zd), turns out to be proportional to h−1 for small
h. We can understand the crossover from the SPT-enforced
entanglement-spectrum degeneracy, which implies a lower
bound 2 ln(d/gcd(d, s)) (t ≡ s mod d) on the entangle-
ment entropy. When h is small, according to the Magnus
expansion as used in Ref. [47], the continuation S(s)E (t) is ex-
pected to be well approximated by the entanglement entropy
of |Ψ(s)λ 〉 = e−iλHeffUsSPT|Ψ0〉 with λ = ht and
Heff ' 1
d
∑
j
∑
a∈Zd
UaSPTNj,ZU
−a
SPT. (S31)
The initial strong oscillation and the h−1 scaling follows.
Generalization to arbitrary finite groups
From the perspective of topological discrete time crys-
talline oscillation, we can seek for MPUs by considering a
bilayer unitary circuit that transforms a trivial state, such as a
product state, into an SPT MPS. Indeed, the Zd × Zd MPU
transforms |0Z〉⊗L into a 1D cluster state of qudits.
In general, an SPT state can be constructed from a path
integral of a cocycle action on a triangulated spacetime man-
ifold [77]. This construction might be regarded as a sort of
the matter-field dual of the Dijkgraaf-Witten theory for gauge
fields [78]. In 1D, given a symmetry group G and a 2-cocyle
eiθ(g,h) representing an element in H2(G,U(1)), we can eas-
ily identify the underlying MPU as [48]
U =
∑
{gj}Lj=1
e−i
∑L
j=1 θ(g
−1
j gj+1,g
−1
j+1)|g1g2...gL〉〈g1g2...gL|.
(S32)
Here the symmetry representation on a local Hilbert space
C|G| is assumed to be regular, i.e., ρg|h〉 = |gh〉 for ∀g, h ∈
G, and the sum of each gj runs over G. To confirm that
Eq. (S32) is topologically nontrivial, we first identify u, v in
the standard form as
u = v =
∑
gl,gr
e−iθ(g
−1
l gr,g
−1
r )|glgr〉〈glgr|. (S33)
Accordingly, we can identify xg and yg from
(ρg ⊗ ρg)v
=
∑
gl,gr
e−iθ(g
−1
l gr,g
−1
r )|ggl, ggr〉〈glgr|
=
∑
gl,gr
e−iθ(g
−1
l gr,g
−1
r g)|glgr〉〈g−1gl, g−1gr|
=
∑
gl,gr
ei[θ(g
−1
r ,g)−θ(g−1l gr,g−1r )−θ(g−1l ,g)]|glgr〉〈g−1gl, g−1gr|
=v(yg ⊗ xg),
(S34)
where we have used the definition property of cocycles:
θ(g−1l gr, g
−1
r ) + θ(g
−1
l , g) = θ(g
−1
l gr, g
−1
r g) + θ(g
−1
r , g).
(S35)
Similarly, we can show that ρ⊗2g u
† = u†(xg ⊗ yg). The ex-
pressions of xg and yg are given by
xg = y
∗
g =
∑
k
eiθ(k
−1,g)|k〉〈g−1k|
=
∑
k
eiθ(k
−1g−1,g)|gk〉〈k|,
(S36)
according to which we obtain
xgxh =
∑
k
ei[θ(k
−1h−1g−1,g)+θ(k−1h−1,h)]|ghk〉〈k|
=
∑
k
ei[θ(k
−1h−1g−1,gh)+θ(g,h)]|ghk〉〈k|
= eiθ(g,h)xgh,
(S37)
implying that xg’s form a projective representation with factor
set eiθ(g,h). Since yg = x∗g , the factor set for yg’s is e
−iθ(g,h).
The nontrivial nature can alternatively be confirmed by
looking at the building-block tensor U , which is given by
U =
∑
j,r
e−iθ(j
−1r,r−1)|j〉|j)(r|〈j|. (S38)
Here, we use |·〉 and |·) to refer to physical and virtual states,
respectively. We can identify the projective representation on
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(a) (b)
(c)
g1 g2
g3g4
=
∑
g1,g2,g3,g4
α(g1,g2,g3)
α(g1,g4,g3)
|g1g2g3g4〉〈g1g2g3g4|
gl gr =
∑
gl,gr
α(g∗, gl, gr)−1|glgr〉〈glgr|
gl gr =
∑
gl,gr
α(gl, gr, g∗)|glgr〉〈glgr|
FIG. S3. (a) 2D Floquet SPT phase built from a 2-cocycle (S42).
(b) Such a Floquet system has a trivial bulk and a nontrivial edge
dynamics described by an SPT MPU (S32). (c) Building blocks of
the 2D Floquet unitary and the SPT MPU as its edge dynamics.
the virtual level through
ρgUρ†g
=
∑
j,r
e−iθ(j
−1r,r−1)|gj〉|j)(r|〈gj|
=
∑
j,r
e−iθ(j
−1r,r−1g)|j〉|g−1j)(g−1r|〈j|
=
∑
j,r
ei[θ(r
−1,g)−θ(j−1r,r−1)−θ(j−1,g)]|j〉|g−1j)(g−1r|〈j|
=z†gUzg,
(S39)
where we have again used the cocycle property and zg on the
virtual level turns out to be
zg =
∑
h
eiθ(h
−1,g)|h)(g−1h|
=
∑
h
eiθ(h
−1g−1,g)|gh)(h|,
(S40)
whose entries are the same as those in xg (S36). This result is
consistent with the fact that zg , xg and y∗g belong to the same
cohomology class.
Finally, let us construct the parent 2D Floquet system
of the general SPT MPU (S32). In fact, such a con-
struction naturally extends to arbitrary dimensions and re-
alizes all the intrinsic Floquet SPT phases in the cohomol-
ogy classification [48]. To make the notations elegant, we
introduce α(g1, g2, g3) ≡ e−iθ(g−11 g2,g−12 g3), which satisfies
α(gg1, gg2, gg3) = α(g1, g2, g3) for ∀g ∈ G and the cocycle
property
α(g2, g3, g4)α(g1, g2, g4)
α(g1, g3, g4)α(g1, g2, g3)
= 1. (S41)
As shown in Fig. S3, the Floquet unitary is simply a product
of commutative four-site unitaries acting on each plaquettes:
UF =
∏
U ,
U =
∑
{gj}4j=1
α(g1, g2, g3)
α(g1, g4, g3)
|g1g2g3g4〉〈g1g2g3g4|.
(S42)
Due to the topological nature of the action (especially the co-
cycle property given in Eq. (S41)), the U(1) phase before any
|{gj}〉〈{gj}| (eigenstate of UF) should not depend on the ex-
plicit way of triangulation [77, 78]. In particular, we can put
a single point into the bulk and assign an arbitrary group ele-
ment g∗ ∈ G to determine the phase. This observation implies
a trivial bulk dynamics, i.e., UF = Ibulk ⊗ Uedge with Ibulk
being the bulk identity [48]. For g∗ = e, the bottom edge
dynamics is described by the SPT MPU given in Eq. (S32).
SPIS FOR MPUS
In this section, we prove in details that the SPIs are topolog-
ical invariants for symmetric MPUs. Regarding the physical
implication and experimental probing, we give the explicit ex-
pressions of Lg and Rg (see Fig. 2 in the main text) and the
derivation of Eq. (7) in the main text.
Basic properties
We start with proving
Proposition 1 Given a G-symmetric MPU generated by U
and g ∈ G with χg 6= 0, the SPI
indg =
1
2
log
∣∣∣∣Tr ygTrxg
∣∣∣∣ (S43)
is well-defined, although the standard form is not unique.
Proof: In the main text, we already know that the SPI is well-
defined for a given blocking number k ≥ k0, so we only have
to prove that the SPI does not depend on k. For ∀k > k0, we
can always find m,m0 ∈ Z+ such that km = k0m0 ≡ K.
Denoting the standard form of Uk0 and Uk as uk0 , vk0 and
uk, vk, respectively, by further blocking the former m0 times
(see Fig. S4(a)) or the latterm times, we obtain two equivalent
standard forms for UK :
uK = (1
⊗k ⊗ v⊗(m−1)k ⊗ 1⊗k)u⊗mk ,
vK = 1
⊗k(m−1) ⊗ vk ⊗ 1⊗k(m−1), and
u′K = (1
⊗k0 ⊗ v⊗(m0−1)k0 ⊗ 1⊗k0)u⊗m0k0 ,
v′K = 1
⊗k0(m0−1) ⊗ vk0 ⊗ 1⊗k0(m0−1),
(S44)
which should be related by a gauge transformation [38]. Ac-
cordingly, xg and yg for UK can be obtained to be
xk,g ⊗ ρ⊗k(m−1)g , ρ⊗k(m−1)g ⊗ yk,g, and
xk0,g ⊗ ρ⊗k0(m0−1)g , ρ⊗k0(m0−1)g ⊗ yk0,g,
(S45)
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where xk,g, yk,g are the projective representations on the vir-
tual level of the standard form of Uk. Recalling that indg is
well-defined for a given blocking number, we have
indg(UK) = 1
2
log
|Tr yk,g||χg|k(m−1)
|Trxk,g||χg|k(m−1) = indg(Uk)
=
1
2
log
|Tr yk0,g||χg|k0(m0−1)
|Trxk0,g||χg|k0(m0−1)
= indg(Uk0).
(S46)
So far, we have confirmed that the SPI is well-defined. 
We move on to prove that the SPI is a topological invariant.
Theorem 3 Given a continuous path of Uλ generating G-
symmetric MPUs and g ∈ G with χg 6= 0, then indg stays
unchanged along the path.
Proof: According to Corollary 4.7 in Ref. [38], there exists
k0 ≤ D4m (Dm: largest bond dimension of Uλ) such that the
MPU U (2k0L)λ generated by Uλ has a standard form uλ, vλ
which are continuous with respect to λ. Using uλρ⊗2k0g u
†
λ =
xλ,g ⊗ yλ,g ≡ wλ,g , we can rewrite the SPI for Uλ into
indg(Uλ) = 1
2
log
Trl[Trr wλ,g Trr w
†
λ,g]
l|χg|2k0 , (S47)
where Trr and Trl are the partial traces over Cr and Cl on
the virtual level, with l and r being the dimensions of xλ,g
and yλ,g , respectively. Since wλ,g ≡ uλρ⊗2k0g u†λ and w†λ are
both continuous with respect to λ, the continuity of indg(Uλ)
follows. On the other hand, due to the fact that xλ,g ⊗ yλ,g
is a linear representation, we have (xλ,g ⊗ yλ,g)dg = 1⊗2k0 ,
implying xdgλ,g = 1l and y
dg
λ,g = 1r for certain phase gauge.
Accordingly, indg(Uλ) only takes values over a finite setlog |
∑
j∈Zdg njω
j
dg
|
|χg|k0 :
∑
j∈Zdg
nj = r
 (S48)
in log |Q(ωdg )\{0}|. Combining the discrete image of
indg(Uλ) with its continuity, we conclude that indg is a quan-
tized constant, which is a logarithm of the absolute value of a
cyclotomic number, along the continuous path. 
Finally, we turn to prove the additivity of the SPI.
Theorem 4 The SPI is additive by tensoring and composition.
Proof: The case of tensoring is almost trivial — on the virtual
level of the standard form, the projective representations of a
tensored MPU U = U1 ⊗ U0 are given by the tensor product
of those of U1 and U0. Using the trace identity Trx1 ⊗ x0 =
Trx1 Trx0, we immediately obtain the additivity of the SPI.
For the case of composition, we consider two G-symmetric
standard-form (after blocking k0 sites into one) MPUs
U
(6k0L)
0 and U
(6k0L)
1 generated by u0, v0 and u1, v1 and their
composition U (6k0L) = U (6k0L)1 U
(6k0L)
0 . By further block-
ing three sites into one, the building blocks u, v for the stan-
dard form of U (6k0L) can be related to those for U (6k0L)0 and
U
(6k0L)
1 via (see Fig. S4(b))
u = {x0,e ⊗ [(1⊗k0 ⊗ u1 ⊗ 1⊗k0)v⊗20 ]⊗ y0,e}u⊗30 ,
v = v⊗31 {y1,e ⊗ [u⊗21 (1⊗k0 ⊗ v0 ⊗ 1⊗k0)]⊗ x1,e}.
(S49)
Therefore, on the virtual level of the standard form ofU (6k0L),
the projective representations read
x = x0 ⊗ ρ⊗k0 ⊗ x1, y = y1 ⊗ ρ⊗k0 ⊗ y0, (S50)
again implying that the SPIs sum up. 
The SPI indg for g ∈ G is only well-defined for Tr ρg 6= 0.
A necessary condition for this is the c-regularity of g. For
the cohomology class represented by a 2-cocyle c: G×G→
U(1), g ∈ G is said to be c-regular if c(g, h) = c(h, g) for
∀h ∈ Ng ≡ {h ∈ G : gh = hg}, which is the stabi-
lizer group of g. We can show that c-regular is actually a
property for conjugacy classes, since Nkgk−1 = kNgk−1 and
c(kgk−1, khk−1) is related to c(g, h) via a k-dependent 2-
coboundary [79]:
c(kgk−1, khk−1) = c(g, h)
βk(gh)
βk(g)βk(h)
, (S51)
where βk(g) =
c(k,gk−1)c(g,k−1)
c(k−1,k) is a 1-cochain. Now let
us consider an arbitrary projective representation z with fac-
tor set c together with a group element g that is not c-
regular. By assumption, there exists h ∈ Ng such that
c(g, h) 6= c(h, g). From the definition of projective represen-
tation zgzh = c(g, h)zgh and zhzg = c(h, g)zhg , we obtain
Tr zg = c(g, h) Tr(zghz
−1
h ) = c(h, g) Tr(z
−1
h zhg)
= c(h, g) Tr(zghz
−1
h ),
(S52)
where we have used Tr(AB) = Tr(BA) and gh = hg in
the second line. Since c(g, h) 6= c(h, g), the only possibility
is Tr zg = Tr(zghz−1h ) = 0. Similarly, we have Tr zh =
Tr zgh = 0. This completes the proof that the SPI cannot be
defined for g whenever g is not c-regular.
Expressions of Lg and Rg for MPUs
In order to experimentally measure the SPI, we rewrite it in
terms of the operators Lg and Rg arising in the evolution of
a symmetry string operator (c.f. Eq. (6) and Fig. 2(a) in the
main text).
Without loss of generality, we first assume U to be simple
(otherwise block and redefine Uk as U and correspondingly
ρ⊗kg → ρg) so that [38]
U U
U U
=
U U
U U
Σ ,
(S53)
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(a)
· · · · · · · · · · · ·
uk uk uk uk
vk vk vk vk vk
m m
= · · · · · ·
uK uK
vK
(b)
u0 u0 u0 u0 u0 u0
v0 v0 v0 v0 v0
v1 v1 v1 v1 v1
u1 u1 u1 u1 u1 u1
· · · · · · = · · · · · ·
u u
v
FIG. S4. Blocking protocols for showing (a) the blocking independence and (b) the additivity of the SPIs.
where U ij ≡ U∗ji and Σ is the unique fixed point of the quan-
tum channel
E ≡ d−1
U
U
.
(S54)
Applying Eqs. (S53) and (S3) to U (L)†ρ⊗Ng U
(L), we obtain
Lg =
U U
U U
z†g
Σ
ρg
, Rg =
U U
U U
zg
Σ
ρg
.
(S55)
Substituting the singular-value decomposed forms
U = =
(S56)
into Eq. (S55), we obtain
Lg =
z†g
ρg
Σ = yg ,
(S57)
and
Rg =
zg
ρg
Σ = xg .
(S58)
Here we have used the definition properties of singular-value
decomposition
= , Σ =
(S59)
and the symmetry constraint (complementary to Eq. (S5))
yg
= z†g
ρg
,
xg
= zg
ρg
.
(S60)
Note that Eqs. (S57) and (S58) are nothing but Lg = u†(xe ⊗
yg)u and Rg = u†(xg ⊗ ye)u. It is worth mentioning that,
by evolving a more general string operator g⊗N ⊗ h⊗L−N
with g, h ∈ G, we will obtain Dg,h = u†(xg ⊗ yh)u near the
domain wall where the left is g’s and the right is h’s. Note that
Lg = De,g and Rg = Dg,e.
As a byproduct of Eq. (S55), we can compute the relative
SPI from a single U , which is not necessarily simple. For
∀g ∈ G with χg 6= 0, replacing U and ρg in Eq. (S55) with Uk
(which is simple) and ρ⊗kg , respectively, followed by taking
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the trace and using
U
U
= d
(S61)
k times, we obtain
TrLg = d
kχkg Tr Σg, (S62)
where Σg ≡ Ekg (z†gΣ) and
Eg ≡ χ−1g
U
U
ρg .
(S63)
Using the fact that for ∀k ≥ k0 (k0: smallest integer such that
Uk0 is simple)
Uk
Uk
Σ =
Uk0
Uk0
Σ
dk−k0
,
(S64)
which can be obtained from contracting the rightmost k0 iden-
tities in
Uk
Uk
Σ
dk0
=
Uk
Uk
Σ
Uk0
Uk0
Σ =
Uk′
Uk′
Σ =
Uk0
Uk0
Σ
Uk
Uk
Σ =
Uk0
Uk0
Σ
dk
(S65)
with k′ = k + k0, as well as the symmetry requirement, we
know that Σg = Ek0g (z†gΣ) and satisfies Eg(Σg) = Σg . On the
other hand, due to Tr ENg = 1 for ∀N ∈ Z+, the fixed point of
Eg is unique (just like E = Ee). Therefore, we can determine
Σg by solving Eg(Σg) = Σg subject to Tr zgΣg = 1, where
both Eg and zg can be obtained from a single U . According
to Eq. (S62) and TrLg TrRg = d2kχ2kg , the relative SPI is
directly related to Σg by
indg − ind = log |Tr Σg|. (S66)
Recalling that ind does not rely on blocking, according to
Eq. (S66), we again confirm the blocking independence of
indg .
Derivation of Eq. (7)
We first figure out the explicit expression of 〈X〉 in Fig. S5
for a general bipartite unitaryU . Recalling that the controlled-
SWAP gate reads
UCS = |0〉〈0| ⊗ 1A′A + |1〉〈1| ⊗ S, (S67)
where S ≡ ∑dAj,j′=1 |jAj′A′〉〈j′AjA′ | = S†, we obtain the
unitary evolution of the entire system, including the bipartite
physical system A
⋃
B with interest, a copy A′ and an auxil-
iary qubit, as
Utot = UCS(X ⊗ U)UCSH
= |1〉〈+| ⊗ SU + |0〉〈−| ⊗ US, (S68)
where |±〉 ≡ 1√
2
(|0〉 ± |1〉), X ≡ |1〉〈0| + |0〉〈1|, and
H ≡ 1√
2
(X +Z) (Hadamard gate) with Z ≡ |0〉〈0| − |1〉〈1|.
At the initial time, we prepare the qubit in the pure state |0〉
and the remaining systems in the infinite-temperature state
ρ∞ ≡ d−2A d−1B 1A′AB . After evolving the entire system by
Utot (S68), we measure the qubit under the X basis, so the
expectation value 〈X〉 should be
〈X〉 = Tr[XUtot(|0〉〈0| ⊗ ρ∞)U†tot]
= Re Tr[XUtot(|+〉〈−| ⊗ ρ∞)U†tot]
= d−2A d
−1
B Tr[USU
†S],
(S69)
where we have used |0〉〈0| = 12 (1qubit + |−〉〈+| + |+〉〈−|)
and Tr[SUSU†] = Tr[USU†S]. Combining Eq. (S69) with
TrB [TrA U TrA U
†] = Tr[USU†S] and U = UA ⊗ UB , we
end up with
|TrUA| = dA
√
〈X〉. (S70)
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H X
S S
U
〈X〉|0〉
ρA′ =
1A′
dA
ρA =
1A
dA
ρB =
1B
dB
FIG. S5. Interferometric scheme for measuring
TrB [TrA U TrA U
†].
To measure the relative SPI, we should implement U as
U†MPUρ
⊗N
g UMPU. Thanks to the locality-preserving property
of MPUs, we can chooseA to be as small as 2k0 ∼ O(1) sites
(k0 is the smallest k such that Uk is simple) across the left
domain wall between ρg and 1. The controlled-SWAP gate
between A and its copy can be decomposed into 2k0 individ-
ual two-site controlled-SWAP gates acting only on the jth site
ofA and that of the copy. Once we succeed in measuring 〈X〉,
we obtain
|TrLg| = d2k0
√
〈X〉, (S71)
so the relative SPI reads
indg − ind = log |TrLg|
dk0 |χg|k0 =
1
2
log〈X〉+ k0 log d|χg| .
(S72)
By choosing A as 2k sites (k ≥ k0) across the left edge of
the symmetry string operator, following a similar analysis, we
can obtain Eqs. (S71) and (S72) with k0 replaced by k (note
that 〈X〉 also depends on k). This is why indg is always mea-
surable from linear fitting even if d and χg are unknown.
SPIS FOR INHOMOGENEOUS LOCALITY-PRESERVING
UNITARIES
In this section, we rigorously derive the factorization rela-
tion for the evolved symmetry string operator solely from the
symmetry and the (strict) locality-preserving requirement. In
analogy to the SPIs for MPUs, we prove that the (relative)
SPIs defined from Lg and Rg in the factorization relation
are topological invariants. The same technique also allows
the generalization of the cohomology class to inhomogeneous
locality-preserving unitaries.
Factorization relation
We first introduce two useful lemmas:
Lemma 2 Given a unitary U acting on a bipartite system
A
⋃
B, then U = UA ⊗ UB for some subsystem unitaries
UA and UB if and only if [U†(OA ⊗ 1B)U,1A ⊗ OB ] =
[OA ⊗ 1B , U†(1A ⊗ OB)U ] = 0 for any subsystem opera-
tors OA and OB .
Proof: “Only if” is trivial. To show “if”, we first note that
[U†(OA ⊗ 1B)U,1A ⊗ OB ] = 0 for arbitrary OB acting on
B is equivalent to U†(OA ⊗ 1B)U = fA(OA) ⊗ 1B (see,
e.g., Lemma 1.5 in Ref. [80]). Moreover, fA is a ring au-
tomorphism on MdA(C), since it is a ring homomorphism
and is bijective due to U(OA ⊗ 1B)U† = f−1A (OA) ⊗ 1B .
According to the Skolem-Noether theorem, we must have
fA(OA) = V
−1
A OAVA for some invertible VA ∈ MdA(C).
Similarly, we must have U†(1A⊗OB)U = 1A⊗V −1B OBVB .
Therefore, for an arbitrary operatorO =
∑
j OA,j⊗OB,j act-
ing on the entire system, we have U†OU =
∑
j U
†(OA,j ⊗
1B)UU†(1A⊗OB,j)U = (VA⊗VB)−1O(VA⊗VB) and thus
(VA⊗VB)U† = c1AB with c 6= 0. Absorbing c−1 into VA or
VB followed by choosing a proper C× gauge, we end up with
U = UA ⊗ UB where UA and UB are subsystem unitaries. 
Lemma 3 Given a unitary U acting on an M -partite system
S =
⋃M
m=1 Sj , then U =
⊗M
m=1 Uj if and only if U = Um⊗
Um¯ for m = 1, 2, ...,M − 1, where Um and Um¯ are unitaries
acting only on Sm and Sm¯ ≡ S\Sm, respectively.
Proof: “Only if” is trivial. To show “if”, we start from
U = U1 ⊗ U1¯ and prove U1¯ = U2 ⊗ U12. Focusing on the
singular-value decomposition with respect to the bipartition
S = S2
⋃
S2¯, we know from U = U2 ⊗ U2¯ that the bond
dimension is one, implying U1¯ = V2 ⊗ V12. Moreover, from
the fact that 1S = U†U = U
†
2V2 ⊗ [U†2¯ (U1 ⊗ V12)], we can
properly choose the C× gauge such that V2 = U2, which in
turn implies U12 ≡ V12 is unitary. Following a similar analy-
sis, we can factorize U12 into U3 ⊗ U123 and so on, and end
up with U =
⊗M
m=1 Um. 
Before deriving the factorization relation, we list a few fun-
damental properties of locality-preserving unitaries:
Proposition 2 For a locality-preserving unitary ULP acting
on a ring of L spins and with Lieb-Robinson length lLR, we
have
(i) IfO acts nontrivially only on [jl, jr] ⊂ ZL, then U†LPOULP
is nontrivial at most on [jl − lLR, jr + lLR];
(ii) If ULP = ULP,1ULP,2, where the Lieb-Robinson length of
ULP,a is lLR,a (a = 1, 2), then lLR ≤ lLR,1 + lLR,2;
(iii) U†LP has the same Lieb-Robinson length lLR.
Proof: From the expansion O =
∑
{nj}jrj=jl
⊗jr
j=jl
O
[nj ]
j ,
where O[nj ]j acts nontrivially only on the jth site, we ob-
tain (i). Taking O = U†LP,1OjULP,1 in (i) for an arbi-
trary operator Oj acting nontrivially only on the jth site, we
know that U†LP,2U
†
LP,1OjULP,1ULP,2 is nontrivial at most on
[j − lLR,1 − lLR,2, j + lLR,1 + lLR,2] for ∀j ∈ ZL and
(ii) follows.To show (iii), we consider all the operators O
acting nontrivially only on ZL\[j − lLR, j + lLR], so that
[U†LPOULP, Oj ] = [O,ULPOjU
†
LP] = 0 due to (i) (Oj fol-
lows the previous notation). The arbitrariness of O implies
that ULPOjU
†
LP acts nontrivially at most on [j− lLR, j+ lLR].
Hence, denoting the Lieb-Robinson length of U†LP as l˜LR, we
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<latexit sha1_base64="KHgy89LlC6w/ 956xCD6EkWf/KvI=">AAACKnicbVDLSgMxFM34rOOr6tJNsAzUTZkRQaEIVTcuXFRx2k KnDplM2sZmJkOSEcrQ73Hjr7jpQilu/RDTB6itB5J7OOdeknuChFGpbHtkLC2vrK6t5z bMza3tnd383n5N8lRg4mLOuGgESBJGY+IqqhhpJIKgKGCkHvSux379mQhJefyg+glpRa gT0zbFSGnJz19a7qMXoo6feSKCjONB0St7OOTKKx+7P6ppdUzrwrRufV3v9fU09cTAz xfskj0BXCTOjBTADFU/P/RCjtOIxAozJGXTsRPVypBQFDMyML1UkgThHuqQpqYxiohsZ ZNVB9DSSgjbXOgTKzhRf09kKJKyHwW6M0KqK+e9sfif10xV+7yV0ThJFYnx9KF2yqDic JwbDKkgWLG+JggLqv8KcRcJhJVO19QhOPMrL5LaScnR/O60ULmaxZEDh+AIFIEDzkAF 3IAqcAEGL+ANvIMP49UYGiPjc9q6ZMxmDsAfGF/f5jmkcQ==</latexit><latexit sha1_base64="KHgy89LlC6w/ 956xCD6EkWf/KvI=">AAACKnicbVDLSgMxFM34rOOr6tJNsAzUTZkRQaEIVTcuXFRx2k KnDplM2sZmJkOSEcrQ73Hjr7jpQilu/RDTB6itB5J7OOdeknuChFGpbHtkLC2vrK6t5z bMza3tnd383n5N8lRg4mLOuGgESBJGY+IqqhhpJIKgKGCkHvSux379mQhJefyg+glpRa gT0zbFSGnJz19a7qMXoo6feSKCjONB0St7OOTKKx+7P6ppdUzrwrRufV3v9fU09cTAz xfskj0BXCTOjBTADFU/P/RCjtOIxAozJGXTsRPVypBQFDMyML1UkgThHuqQpqYxiohsZ ZNVB9DSSgjbXOgTKzhRf09kKJKyHwW6M0KqK+e9sfif10xV+7yV0ThJFYnx9KF2yqDic JwbDKkgWLG+JggLqv8KcRcJhJVO19QhOPMrL5LaScnR/O60ULmaxZEDh+AIFIEDzkAF 3IAqcAEGL+ANvIMP49UYGiPjc9q6ZMxmDsAfGF/f5jmkcQ==</latexit><latexit sha1_base64="KHgy89LlC6w/ 956xCD6EkWf/KvI=">AAACKnicbVDLSgMxFM34rOOr6tJNsAzUTZkRQaEIVTcuXFRx2k KnDplM2sZmJkOSEcrQ73Hjr7jpQilu/RDTB6itB5J7OOdeknuChFGpbHtkLC2vrK6t5z bMza3tnd383n5N8lRg4mLOuGgESBJGY+IqqhhpJIKgKGCkHvSux379mQhJefyg+glpRa gT0zbFSGnJz19a7qMXoo6feSKCjONB0St7OOTKKx+7P6ppdUzrwrRufV3v9fU09cTAz xfskj0BXCTOjBTADFU/P/RCjtOIxAozJGXTsRPVypBQFDMyML1UkgThHuqQpqYxiohsZ ZNVB9DSSgjbXOgTKzhRf09kKJKyHwW6M0KqK+e9sfif10xV+7yV0ThJFYnx9KF2yqDic JwbDKkgWLG+JggLqv8KcRcJhJVO19QhOPMrL5LaScnR/O60ULmaxZEDh+AIFIEDzkAF 3IAqcAEGL+ANvIMP49UYGiPjc9q6ZMxmDsAfGF/f5jmkcQ==</latexit><latexit sha1_base64="KHgy89LlC6w/ 956xCD6EkWf/KvI=">AAACKnicbVDLSgMxFM34rOOr6tJNsAzUTZkRQaEIVTcuXFRx2k KnDplM2sZmJkOSEcrQ73Hjr7jpQilu/RDTB6itB5J7OOdeknuChFGpbHtkLC2vrK6t5z bMza3tnd383n5N8lRg4mLOuGgESBJGY+IqqhhpJIKgKGCkHvSux379mQhJefyg+glpRa gT0zbFSGnJz19a7qMXoo6feSKCjONB0St7OOTKKx+7P6ppdUzrwrRufV3v9fU09cTAz xfskj0BXCTOjBTADFU/P/RCjtOIxAozJGXTsRPVypBQFDMyML1UkgThHuqQpqYxiohsZ ZNVB9DSSgjbXOgTKzhRf09kKJKyHwW6M0KqK+e9sfif10xV+7yV0ThJFYnx9KF2yqDic JwbDKkgWLG+JggLqv8KcRcJhJVO19QhOPMrL5LaScnR/O60ULmaxZEDh+AIFIEDzkAF 3IAqcAEGL+ANvIMP49UYGiPjc9q6ZMxmDsAfGF/f5jmkcQ==</latexit>
jm
<latexit sha1_base64="seRzlxrI80S/MIfMG6vkezgEKwM=">AAACKnicbVDLSgMxF M34rOOr6tJNsAzoRmZEUChC1Y0LF1WcVujUIZNJa2wyGZKMUIZ+jxt/xU0XSnHrh5g+QG09kNzDOfeS3BOljCrtugNrbn5hcWm5sGKvrq1vbBa3tmtKZBITHwsm5H2EFGE0Ib6mmp H7VBLEI0bqUedy6NefiVRUJHe6m5ImR+2EtihG2khh8dzxH4IYtcM8kBwygXv7QTnAsdBB+cD/UW2nbTtntnMdmnprrqexx3thseQeuiPAWeJNSAlMUA2L/SAWOOMk0ZghpRqem+p mjqSmmJGeHWSKpAh3UJs0DE0QJ6qZj1btQccoMWwJaU6i4Uj9PZEjrlSXR6aTI/2opr2h+J/XyHTrtJnTJM00SfD4oVbGoBZwmBuMqSRYs64hCEtq/grxI5IIa5OubULwpleeJbWj Q8/wm+NS5WISRwHsgj2wDzxwAirgClSBDzB4AW/gHXxYr1bfGlif49Y5azKzA/7A+voG3qCkbA==</latexit><latexit sha1_base64="seRzlxrI80S/MIfMG6vkezgEKwM=">AAACKnicbVDLSgMxF M34rOOr6tJNsAzoRmZEUChC1Y0LF1WcVujUIZNJa2wyGZKMUIZ+jxt/xU0XSnHrh5g+QG09kNzDOfeS3BOljCrtugNrbn5hcWm5sGKvrq1vbBa3tmtKZBITHwsm5H2EFGE0Ib6mmp H7VBLEI0bqUedy6NefiVRUJHe6m5ImR+2EtihG2khh8dzxH4IYtcM8kBwygXv7QTnAsdBB+cD/UW2nbTtntnMdmnprrqexx3thseQeuiPAWeJNSAlMUA2L/SAWOOMk0ZghpRqem+p mjqSmmJGeHWSKpAh3UJs0DE0QJ6qZj1btQccoMWwJaU6i4Uj9PZEjrlSXR6aTI/2opr2h+J/XyHTrtJnTJM00SfD4oVbGoBZwmBuMqSRYs64hCEtq/grxI5IIa5OubULwpleeJbWj Q8/wm+NS5WISRwHsgj2wDzxwAirgClSBDzB4AW/gHXxYr1bfGlif49Y5azKzA/7A+voG3qCkbA==</latexit><latexit sha1_base64="seRzlxrI80S/MIfMG6vkezgEKwM=">AAACKnicbVDLSgMxF M34rOOr6tJNsAzoRmZEUChC1Y0LF1WcVujUIZNJa2wyGZKMUIZ+jxt/xU0XSnHrh5g+QG09kNzDOfeS3BOljCrtugNrbn5hcWm5sGKvrq1vbBa3tmtKZBITHwsm5H2EFGE0Ib6mmp H7VBLEI0bqUedy6NefiVRUJHe6m5ImR+2EtihG2khh8dzxH4IYtcM8kBwygXv7QTnAsdBB+cD/UW2nbTtntnMdmnprrqexx3thseQeuiPAWeJNSAlMUA2L/SAWOOMk0ZghpRqem+p mjqSmmJGeHWSKpAh3UJs0DE0QJ6qZj1btQccoMWwJaU6i4Uj9PZEjrlSXR6aTI/2opr2h+J/XyHTrtJnTJM00SfD4oVbGoBZwmBuMqSRYs64hCEtq/grxI5IIa5OubULwpleeJbWj Q8/wm+NS5WISRwHsgj2wDzxwAirgClSBDzB4AW/gHXxYr1bfGlif49Y5azKzA/7A+voG3qCkbA==</latexit><latexit sha1_base64="seRzlxrI80S/MIfMG6vkezgEKwM=">AAACKnicbVDLSgMxF M34rOOr6tJNsAzoRmZEUChC1Y0LF1WcVujUIZNJa2wyGZKMUIZ+jxt/xU0XSnHrh5g+QG09kNzDOfeS3BOljCrtugNrbn5hcWm5sGKvrq1vbBa3tmtKZBITHwsm5H2EFGE0Ib6mmp H7VBLEI0bqUedy6NefiVRUJHe6m5ImR+2EtihG2khh8dzxH4IYtcM8kBwygXv7QTnAsdBB+cD/UW2nbTtntnMdmnprrqexx3thseQeuiPAWeJNSAlMUA2L/SAWOOMk0ZghpRqem+p mjqSmmJGeHWSKpAh3UJs0DE0QJ6qZj1btQccoMWwJaU6i4Uj9PZEjrlSXR6aTI/2opr2h+J/XyHTrtJnTJM00SfD4oVbGoBZwmBuMqSRYs64hCEtq/grxI5IIa5OubULwpleeJbWj Q8/wm+NS5WISRwHsgj2wDzxwAirgClSBDzB4AW/gHXxYr1bfGlif49Y5azKzA/7A+voG3qCkbA==</latexit>
{
<latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit>
{
<latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit>
2lLR
<latexit sha1_base64="ZsvxOYdiGBnphD1SVewE0JOOjIU=">AAACN3icbZBNS8MwGMdTX2d9m3 r0EhyFeZFWBIUhDL14GKJiVVhnSdNsxiVNSVJhlH4rL34Nb3rxoIhXv4HZC/gyH0jy4/9/HpL8o5RRpV33yZqYnJqemS3N2fMLi0vL5ZXVCyUyiYmPBRPyKkKKMJoQX1PNyFUqCeIRI5dR97DvX94RqahIz nUvJS2OOgltU4y0kcLyseNfBzHqhHkgOWQCF9WgFuBY6KC26X+rttOxnX3baYTmPOtvt0OTF/Y2G2LjrAjLFXfLHRQcB28EFTCqk7D8GMQCZ5wkGjOkVNNzU93KkdQUM1LYQaZIinAXdUjTYII4Ua188O8 COkaJYVtIsxINB+rPiRxxpXo8Mp0c6Rv11+uL/3nNTLf3WjlN0kyTBA8vamcMagH7IcKYSoI16xlAWFLzVohvkERYm6htE4L398vjcLG95Rk+3anUD0ZxlMA62ABV4IFdUAdH4AT4AIN78AxewZv1YL1Y79 bHsHXCGs2sgV9lfX4BKpupCw==</latexit><latexit sha1_base64="ZsvxOYdiGBnphD1SVewE0JOOjIU=">AAACN3icbZBNS8MwGMdTX2d9m3 r0EhyFeZFWBIUhDL14GKJiVVhnSdNsxiVNSVJhlH4rL34Nb3rxoIhXv4HZC/gyH0jy4/9/HpL8o5RRpV33yZqYnJqemS3N2fMLi0vL5ZXVCyUyiYmPBRPyKkKKMJoQX1PNyFUqCeIRI5dR97DvX94RqahIz nUvJS2OOgltU4y0kcLyseNfBzHqhHkgOWQCF9WgFuBY6KC26X+rttOxnX3baYTmPOtvt0OTF/Y2G2LjrAjLFXfLHRQcB28EFTCqk7D8GMQCZ5wkGjOkVNNzU93KkdQUM1LYQaZIinAXdUjTYII4Ua188O8 COkaJYVtIsxINB+rPiRxxpXo8Mp0c6Rv11+uL/3nNTLf3WjlN0kyTBA8vamcMagH7IcKYSoI16xlAWFLzVohvkERYm6htE4L398vjcLG95Rk+3anUD0ZxlMA62ABV4IFdUAdH4AT4AIN78AxewZv1YL1Y79 bHsHXCGs2sgV9lfX4BKpupCw==</latexit><latexit sha1_base64="ZsvxOYdiGBnphD1SVewE0JOOjIU=">AAACN3icbZBNS8MwGMdTX2d9m3 r0EhyFeZFWBIUhDL14GKJiVVhnSdNsxiVNSVJhlH4rL34Nb3rxoIhXv4HZC/gyH0jy4/9/HpL8o5RRpV33yZqYnJqemS3N2fMLi0vL5ZXVCyUyiYmPBRPyKkKKMJoQX1PNyFUqCeIRI5dR97DvX94RqahIz nUvJS2OOgltU4y0kcLyseNfBzHqhHkgOWQCF9WgFuBY6KC26X+rttOxnX3baYTmPOtvt0OTF/Y2G2LjrAjLFXfLHRQcB28EFTCqk7D8GMQCZ5wkGjOkVNNzU93KkdQUM1LYQaZIinAXdUjTYII4Ua188O8 COkaJYVtIsxINB+rPiRxxpXo8Mp0c6Rv11+uL/3nNTLf3WjlN0kyTBA8vamcMagH7IcKYSoI16xlAWFLzVohvkERYm6htE4L398vjcLG95Rk+3anUD0ZxlMA62ABV4IFdUAdH4AT4AIN78AxewZv1YL1Y79 bHsHXCGs2sgV9lfX4BKpupCw==</latexit><latexit sha1_base64="ZsvxOYdiGBnphD1SVewE0JOOjIU=">AAACN3icbZBNS8MwGMdTX2d9m3 r0EhyFeZFWBIUhDL14GKJiVVhnSdNsxiVNSVJhlH4rL34Nb3rxoIhXv4HZC/gyH0jy4/9/HpL8o5RRpV33yZqYnJqemS3N2fMLi0vL5ZXVCyUyiYmPBRPyKkKKMJoQX1PNyFUqCeIRI5dR97DvX94RqahIz nUvJS2OOgltU4y0kcLyseNfBzHqhHkgOWQCF9WgFuBY6KC26X+rttOxnX3baYTmPOtvt0OTF/Y2G2LjrAjLFXfLHRQcB28EFTCqk7D8GMQCZ5wkGjOkVNNzU93KkdQUM1LYQaZIinAXdUjTYII4Ua188O8 COkaJYVtIsxINB+rPiRxxpXo8Mp0c6Rv11+uL/3nNTLf3WjlN0kyTBA8vamcMagH7IcKYSoI16xlAWFLzVohvkERYm6htE4L398vjcLG95Rk+3anUD0ZxlMA62ABV4IFdUAdH4AT4AIN78AxewZv1YL1Y79 bHsHXCGs2sgV9lfX4BKpupCw==</latexit>
2lLR
<latexit sha1_base64="ZsvxOYdiGBnphD1SVewE0JOOjIU=">AAACN3icbZBNS8MwGMdTX2d9m3r0EhyFeZFWBIUhDL14GKJiVVhnSdNsxiVNSVJhlH4rL34Nb3rxoIhXv4HZC/gyH0jy4/9/HpL8o5R RpV33yZqYnJqemS3N2fMLi0vL5ZXVCyUyiYmPBRPyKkKKMJoQX1PNyFUqCeIRI5dR97DvX94RqahIznUvJS2OOgltU4y0kcLyseNfBzHqhHkgOWQCF9WgFuBY6KC26X+rttOxnX3baYTmPOtvt0OTF/Y2G2LjrAjLFXfLHRQcB28EFTCqk7D8GMQCZ5wkGjOkVNNzU93KkdQUM1LYQaZIinAXdUjTYII4Ua188O8COkaJYVtIsxINB+rPiRxxpXo8Mp0c6Rv11+uL/3nNTLf3WjlN0kyTBA8vamcMagH7IcKYSoI16xlAW FLzVohvkERYm6htE4L398vjcLG95Rk+3anUD0ZxlMA62ABV4IFdUAdH4AT4AIN78AxewZv1YL1Y79bHsHXCGs2sgV9lfX4BKpupCw==</latexit><latexit sha1_base64="ZsvxOYdiGBnphD1SVewE0JOOjIU=">AAACN3icbZBNS8MwGMdTX2d9m3r0EhyFeZFWBIUhDL14GKJiVVhnSdNsxiVNSVJhlH4rL34Nb3rxoIhXv4HZC/gyH0jy4/9/HpL8o5R RpV33yZqYnJqemS3N2fMLi0vL5ZXVCyUyiYmPBRPyKkKKMJoQX1PNyFUqCeIRI5dR97DvX94RqahIznUvJS2OOgltU4y0kcLyseNfBzHqhHkgOWQCF9WgFuBY6KC26X+rttOxnX3baYTmPOtvt0OTF/Y2G2LjrAjLFXfLHRQcB28EFTCqk7D8GMQCZ5wkGjOkVNNzU93KkdQUM1LYQaZIinAXdUjTYII4Ua188O8COkaJYVtIsxINB+rPiRxxpXo8Mp0c6Rv11+uL/3nNTLf3WjlN0kyTBA8vamcMagH7IcKYSoI16xlAW FLzVohvkERYm6htE4L398vjcLG95Rk+3anUD0ZxlMA62ABV4IFdUAdH4AT4AIN78AxewZv1YL1Y79bHsHXCGs2sgV9lfX4BKpupCw==</latexit><latexit sha1_base64="ZsvxOYdiGBnphD1SVewE0JOOjIU=">AAACN3icbZBNS8MwGMdTX2d9m3r0EhyFeZFWBIUhDL14GKJiVVhnSdNsxiVNSVJhlH4rL34Nb3rxoIhXv4HZC/gyH0jy4/9/HpL8o5R RpV33yZqYnJqemS3N2fMLi0vL5ZXVCyUyiYmPBRPyKkKKMJoQX1PNyFUqCeIRI5dR97DvX94RqahIznUvJS2OOgltU4y0kcLyseNfBzHqhHkgOWQCF9WgFuBY6KC26X+rttOxnX3baYTmPOtvt0OTF/Y2G2LjrAjLFXfLHRQcB28EFTCqk7D8GMQCZ5wkGjOkVNNzU93KkdQUM1LYQaZIinAXdUjTYII4Ua188O8COkaJYVtIsxINB+rPiRxxpXo8Mp0c6Rv11+uL/3nNTLf3WjlN0kyTBA8vamcMagH7IcKYSoI16xlAW FLzVohvkERYm6htE4L398vjcLG95Rk+3anUD0ZxlMA62ABV4IFdUAdH4AT4AIN78AxewZv1YL1Y79bHsHXCGs2sgV9lfX4BKpupCw==</latexit><latexit sha1_base64="ZsvxOYdiGBnphD1SVewE0JOOjIU=">AAACN3icbZBNS8MwGMdTX2d9m3r0EhyFeZFWBIUhDL14GKJiVVhnSdNsxiVNSVJhlH4rL34Nb3rxoIhXv4HZC/gyH0jy4/9/HpL8o5R RpV33yZqYnJqemS3N2fMLi0vL5ZXVCyUyiYmPBRPyKkKKMJoQX1PNyFUqCeIRI5dR97DvX94RqahIznUvJS2OOgltU4y0kcLyseNfBzHqhHkgOWQCF9WgFuBY6KC26X+rttOxnX3baYTmPOtvt0OTF/Y2G2LjrAjLFXfLHRQcB28EFTCqk7D8GMQCZ5wkGjOkVNNzU93KkdQUM1LYQaZIinAXdUjTYII4Ua188O8COkaJYVtIsxINB+rPiRxxpXo8Mp0c6Rv11+uL/3nNTLf3WjlN0kyTBA8vamcMagH7IcKYSoI16xlAW FLzVohvkERYm6htE4L398vjcLG95Rk+3anUD0ZxlMA62ABV4IFdUAdH4AT4AIN78AxewZv1YL1Y79bHsHXCGs2sgV9lfX4BKpupCw==</latexit>
{ <latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit>
2lLR
<latexit sha1_base64="ZsvxOYdiGBnphD1SV ewE0JOOjIU=">AAACN3icbZBNS8MwGMdTX2d9m3r0EhyFeZFWBIUhDL14GKJiVVhnSdNsxiVNSVJhl H4rL34Nb3rxoIhXv4HZC/gyH0jy4/9/HpL8o5RRpV33yZqYnJqemS3N2fMLi0vL5ZXVCyUyiYmPBR PyKkKKMJoQX1PNyFUqCeIRI5dR97DvX94RqahIznUvJS2OOgltU4y0kcLyseNfBzHqhHkgOWQCF9W gFuBY6KC26X+rttOxnX3baYTmPOtvt0OTF/Y2G2LjrAjLFXfLHRQcB28EFTCqk7D8GMQCZ5wkGjOkV NNzU93KkdQUM1LYQaZIinAXdUjTYII4Ua188O8COkaJYVtIsxINB+rPiRxxpXo8Mp0c6Rv11+uL/3 nNTLf3WjlN0kyTBA8vamcMagH7IcKYSoI16xlAWFLzVohvkERYm6htE4L398vjcLG95Rk+3anUD0Z xlMA62ABV4IFdUAdH4AT4AIN78AxewZv1YL1Y79bHsHXCGs2sgV9lfX4BKpupCw==</latexit><latexit sha1_base64="ZsvxOYdiGBnphD1SV ewE0JOOjIU=">AAACN3icbZBNS8MwGMdTX2d9m3r0EhyFeZFWBIUhDL14GKJiVVhnSdNsxiVNSVJhl H4rL34Nb3rxoIhXv4HZC/gyH0jy4/9/HpL8o5RRpV33yZqYnJqemS3N2fMLi0vL5ZXVCyUyiYmPBR PyKkKKMJoQX1PNyFUqCeIRI5dR97DvX94RqahIznUvJS2OOgltU4y0kcLyseNfBzHqhHkgOWQCF9W gFuBY6KC26X+rttOxnX3baYTmPOtvt0OTF/Y2G2LjrAjLFXfLHRQcB28EFTCqk7D8GMQCZ5wkGjOkV NNzU93KkdQUM1LYQaZIinAXdUjTYII4Ua188O8COkaJYVtIsxINB+rPiRxxpXo8Mp0c6Rv11+uL/3 nNTLf3WjlN0kyTBA8vamcMagH7IcKYSoI16xlAWFLzVohvkERYm6htE4L398vjcLG95Rk+3anUD0Z xlMA62ABV4IFdUAdH4AT4AIN78AxewZv1YL1Y79bHsHXCGs2sgV9lfX4BKpupCw==</latexit><latexit sha1_base64="ZsvxOYdiGBnphD1SV ewE0JOOjIU=">AAACN3icbZBNS8MwGMdTX2d9m3r0EhyFeZFWBIUhDL14GKJiVVhnSdNsxiVNSVJhl H4rL34Nb3rxoIhXv4HZC/gyH0jy4/9/HpL8o5RRpV33yZqYnJqemS3N2fMLi0vL5ZXVCyUyiYmPBR PyKkKKMJoQX1PNyFUqCeIRI5dR97DvX94RqahIznUvJS2OOgltU4y0kcLyseNfBzHqhHkgOWQCF9W gFuBY6KC26X+rttOxnX3baYTmPOtvt0OTF/Y2G2LjrAjLFXfLHRQcB28EFTCqk7D8GMQCZ5wkGjOkV NNzU93KkdQUM1LYQaZIinAXdUjTYII4Ua188O8COkaJYVtIsxINB+rPiRxxpXo8Mp0c6Rv11+uL/3 nNTLf3WjlN0kyTBA8vamcMagH7IcKYSoI16xlAWFLzVohvkERYm6htE4L398vjcLG95Rk+3anUD0Z xlMA62ABV4IFdUAdH4AT4AIN78AxewZv1YL1Y79bHsHXCGs2sgV9lfX4BKpupCw==</latexit><latexit sha1_base64="ZsvxOYdiGBnphD1SV ewE0JOOjIU=">AAACN3icbZBNS8MwGMdTX2d9m3r0EhyFeZFWBIUhDL14GKJiVVhnSdNsxiVNSVJhl H4rL34Nb3rxoIhXv4HZC/gyH0jy4/9/HpL8o5RRpV33yZqYnJqemS3N2fMLi0vL5ZXVCyUyiYmPBR PyKkKKMJoQX1PNyFUqCeIRI5dR97DvX94RqahIznUvJS2OOgltU4y0kcLyseNfBzHqhHkgOWQCF9W gFuBY6KC26X+rttOxnX3baYTmPOtvt0OTF/Y2G2LjrAjLFXfLHRQcB28EFTCqk7D8GMQCZ5wkGjOkV NNzU93KkdQUM1LYQaZIinAXdUjTYII4Ua188O8COkaJYVtIsxINB+rPiRxxpXo8Mp0c6Rv11+uL/3 nNTLf3WjlN0kyTBA8vamcMagH7IcKYSoI16xlAWFLzVohvkERYm6htE4L398vjcLG95Rk+3anUD0Z xlMA62ABV4IFdUAdH4AT4AIN78AxewZv1YL1Y79bHsHXCGs2sgV9lfX4BKpupCw==</latexit>
Lg(jl)
<latexit sha1_base64="eQesVG+sTp3h2C3ET+GaiYZgDLo=">AAACL3icdZDLSg MxFIYzXut4q7p0EyyDuikztbZ21yqICxcVrBY6ZcikmTaayQxJRihj38iNr+JGRBG3voXpRVHRHwJf/nMOyfn9mFGpbPvJmJqemZ2bzyyYi0vLK6vZtfULGSUCkwaOWCSaPp KEUU4aiipGmrEgKPQZufSvj4b1yxsiJI34uerHpB2iLqcBxUhpy8seWzXTOjSt2rZpuaIXeS7lgerrC0O8ywhsumIEpnVrf6Gbmqded+fKS10RQjbY9bI5O18qVwp2Adr5PW e/XHI0VPYrxWIROnl7pByYqO5lH9xOhJOQcIUZkrLl2LFqp0goihkZmG4iSYzwNeqSlkaOQiLb6WjfAbS004FBJPThCo7c7xMpCqXsh77uDJHqyd+1oflXrZWo4KCdUh4nin A8fihIGFQRHIYHO1QQrFhfA8KC6r9C3EMCYaUjNnUIn5vC/+GikHc0nxVz1cNJHBmwCbbADnBAGVTBCaiDBsDgDjyAZ/Bi3BuPxqvxNm6dMiYzG+CHjPcPfZKl2A==</late xit><latexit sha1_base64="eQesVG+sTp3h2C3ET+GaiYZgDLo=">AAACL3icdZDLSg MxFIYzXut4q7p0EyyDuikztbZ21yqICxcVrBY6ZcikmTaayQxJRihj38iNr+JGRBG3voXpRVHRHwJf/nMOyfn9mFGpbPvJmJqemZ2bzyyYi0vLK6vZtfULGSUCkwaOWCSaPp KEUU4aiipGmrEgKPQZufSvj4b1yxsiJI34uerHpB2iLqcBxUhpy8seWzXTOjSt2rZpuaIXeS7lgerrC0O8ywhsumIEpnVrf6Gbmqded+fKS10RQjbY9bI5O18qVwp2Adr5PW e/XHI0VPYrxWIROnl7pByYqO5lH9xOhJOQcIUZkrLl2LFqp0goihkZmG4iSYzwNeqSlkaOQiLb6WjfAbS004FBJPThCo7c7xMpCqXsh77uDJHqyd+1oflXrZWo4KCdUh4nin A8fihIGFQRHIYHO1QQrFhfA8KC6r9C3EMCYaUjNnUIn5vC/+GikHc0nxVz1cNJHBmwCbbADnBAGVTBCaiDBsDgDjyAZ/Bi3BuPxqvxNm6dMiYzG+CHjPcPfZKl2A==</late xit><latexit sha1_base64="eQesVG+sTp3h2C3ET+GaiYZgDLo=">AAACL3icdZDLSg MxFIYzXut4q7p0EyyDuikztbZ21yqICxcVrBY6ZcikmTaayQxJRihj38iNr+JGRBG3voXpRVHRHwJf/nMOyfn9mFGpbPvJmJqemZ2bzyyYi0vLK6vZtfULGSUCkwaOWCSaPp KEUU4aiipGmrEgKPQZufSvj4b1yxsiJI34uerHpB2iLqcBxUhpy8seWzXTOjSt2rZpuaIXeS7lgerrC0O8ywhsumIEpnVrf6Gbmqded+fKS10RQjbY9bI5O18qVwp2Adr5PW e/XHI0VPYrxWIROnl7pByYqO5lH9xOhJOQcIUZkrLl2LFqp0goihkZmG4iSYzwNeqSlkaOQiLb6WjfAbS004FBJPThCo7c7xMpCqXsh77uDJHqyd+1oflXrZWo4KCdUh4nin A8fihIGFQRHIYHO1QQrFhfA8KC6r9C3EMCYaUjNnUIn5vC/+GikHc0nxVz1cNJHBmwCbbADnBAGVTBCaiDBsDgDjyAZ/Bi3BuPxqvxNm6dMiYzG+CHjPcPfZKl2A==</late xit><latexit sha1_base64="eQesVG+sTp3h2C3ET+GaiYZgDLo=">AAACL3icdZDLSg MxFIYzXut4q7p0EyyDuikztbZ21yqICxcVrBY6ZcikmTaayQxJRihj38iNr+JGRBG3voXpRVHRHwJf/nMOyfn9mFGpbPvJmJqemZ2bzyyYi0vLK6vZtfULGSUCkwaOWCSaPp KEUU4aiipGmrEgKPQZufSvj4b1yxsiJI34uerHpB2iLqcBxUhpy8seWzXTOjSt2rZpuaIXeS7lgerrC0O8ywhsumIEpnVrf6Gbmqded+fKS10RQjbY9bI5O18qVwp2Adr5PW e/XHI0VPYrxWIROnl7pByYqO5lH9xOhJOQcIUZkrLl2LFqp0goihkZmG4iSYzwNeqSlkaOQiLb6WjfAbS004FBJPThCo7c7xMpCqXsh77uDJHqyd+1oflXrZWo4KCdUh4nin A8fihIGFQRHIYHO1QQrFhfA8KC6r9C3EMCYaUjNnUIn5vC/+GikHc0nxVz1cNJHBmwCbbADnBAGVTBCaiDBsDgDjyAZ/Bi3BuPxqvxNm6dMiYzG+CHjPcPfZKl2A==</late xit>
Rg(jr)
<latexit sha1_base64="MbCmJQr0XoY588XDytmIBm7mSh8=">AAACP3icdZA9T8MwEIad8lXMV4GRxaKKoEuVIhCMBRYGhoJoqdRUkeM6ranjRLaDVIX+Mxb+AhsrCwMIs bLhlvApOMnSc+/d6XyvH3OmtOPcWbmJyanpmfwsnJtfWFwqLK80VJRIQusk4pFs+lhRzgSta6Y5bcaS4tDn9NzvH47q55dUKhaJMz2IaTvEXcECRrA2kldo2PvQPoD2/ga0XdmLPJeJQA9MwrHocoqarhwDtK+cT3RTaB973c0LL3VliPiwBE+/UjkseYWiU95xRoGcsvMBmVLJlCLIouYVbt1ORJKQCk04VqpVcWLdTrHUjHA6hG6iaIxJH3dpy6DAIVXtdH z/ENlG6aAgkuYJjcbq94kUh0oNQt90hlj31O/aSPyr1kp0sNdOmYgTTQV5XxQkHOkIjcxEHSYp0XxgABPJzF8R6WGJiTaWQ2PCx6Xof2hslSuGT7aL1YPMjjxYA+tgE1TALqiCI1ADdUDANbgHj+DJurEerGfr5b01Z2Uzq+BHWK9vvN6rVA==</latexit><latexit sha1_base64="MbCmJQr0XoY588XDytmIBm7mSh8=">AAACP3icdZA9T8MwEIad8lXMV4GRxaKKoEuVIhCMBRYGhoJoqdRUkeM6ranjRLaDVIX+Mxb+AhsrCwMIs bLhlvApOMnSc+/d6XyvH3OmtOPcWbmJyanpmfwsnJtfWFwqLK80VJRIQusk4pFs+lhRzgSta6Y5bcaS4tDn9NzvH47q55dUKhaJMz2IaTvEXcECRrA2kldo2PvQPoD2/ga0XdmLPJeJQA9MwrHocoqarhwDtK+cT3RTaB973c0LL3VliPiwBE+/UjkseYWiU95xRoGcsvMBmVLJlCLIouYVbt1ORJKQCk04VqpVcWLdTrHUjHA6hG6iaIxJH3dpy6DAIVXtdH z/ENlG6aAgkuYJjcbq94kUh0oNQt90hlj31O/aSPyr1kp0sNdOmYgTTQV5XxQkHOkIjcxEHSYp0XxgABPJzF8R6WGJiTaWQ2PCx6Xof2hslSuGT7aL1YPMjjxYA+tgE1TALqiCI1ADdUDANbgHj+DJurEerGfr5b01Z2Uzq+BHWK9vvN6rVA==</latexit><latexit sha1_base64="MbCmJQr0XoY588XDytmIBm7mSh8=">AAACP3icdZA9T8MwEIad8lXMV4GRxaKKoEuVIhCMBRYGhoJoqdRUkeM6ranjRLaDVIX+Mxb+AhsrCwMIs bLhlvApOMnSc+/d6XyvH3OmtOPcWbmJyanpmfwsnJtfWFwqLK80VJRIQusk4pFs+lhRzgSta6Y5bcaS4tDn9NzvH47q55dUKhaJMz2IaTvEXcECRrA2kldo2PvQPoD2/ga0XdmLPJeJQA9MwrHocoqarhwDtK+cT3RTaB973c0LL3VliPiwBE+/UjkseYWiU95xRoGcsvMBmVLJlCLIouYVbt1ORJKQCk04VqpVcWLdTrHUjHA6hG6iaIxJH3dpy6DAIVXtdH z/ENlG6aAgkuYJjcbq94kUh0oNQt90hlj31O/aSPyr1kp0sNdOmYgTTQV5XxQkHOkIjcxEHSYp0XxgABPJzF8R6WGJiTaWQ2PCx6Xof2hslSuGT7aL1YPMjjxYA+tgE1TALqiCI1ADdUDANbgHj+DJurEerGfr5b01Z2Uzq+BHWK9vvN6rVA==</latexit><latexit sha1_base64="MbCmJQr0XoY588XDytmIBm7mSh8=">AAACP3icdZA9T8MwEIad8lXMV4GRxaKKoEuVIhCMBRYGhoJoqdRUkeM6ranjRLaDVIX+Mxb+AhsrCwMIs bLhlvApOMnSc+/d6XyvH3OmtOPcWbmJyanpmfwsnJtfWFwqLK80VJRIQusk4pFs+lhRzgSta6Y5bcaS4tDn9NzvH47q55dUKhaJMz2IaTvEXcECRrA2kldo2PvQPoD2/ga0XdmLPJeJQA9MwrHocoqarhwDtK+cT3RTaB973c0LL3VliPiwBE+/UjkseYWiU95xRoGcsvMBmVLJlCLIouYVbt1ORJKQCk04VqpVcWLdTrHUjHA6hG6iaIxJH3dpy6DAIVXtdH z/ENlG6aAgkuYJjcbq94kUh0oNQt90hlj31O/aSPyr1kp0sNdOmYgTTQV5XxQkHOkIjcxEHSYp0XxgABPJzF8R6WGJiTaWQ2PCx6Xof2hslSuGT7aL1YPMjjxYA+tgE1TALqiCI1ADdUDANbgHj+DJurEerGfr5b01Z2Uzq+BHWK9vvN6rVA==</latexit>
R˜g(jm)
<latexit sha1_base64="6LTx9BG8RWW9 Orfdua206Pw27KA=">AAACV3icdZFNbxMxEIa921LC8pXCkYtFtKJcIm8oobm15dJD DwWRNlI2Wnmd2cTU9q7sWaRomz9Zcelf4QJOGqAgGMnSM+/MaOzXeaWkQ8ZugnBr+97 O/daD6OGjx0+etnefnbuytgKGolSlHeXcgZIGhihRwaiywHWu4CK/fL+qX3wB62RpPu GigonmMyMLKTh6KWub+CiKj6P46FUUp3ZeZqk0BS58oriZKaCj1K4hiq/YL0ybKD7N Znufsya1mqrl6yj++Du3Pk9RqinQO6r2atbusO5gwPaTPmXdt4z1+gMP7E3voN+nSZe to0M2cZa1r9NpKWoNBoXizo0TVuGk4RalULCM0tpBxcUln8HYo+Ea3KRZ+7KksVemtC itPwbpWr070XDt3ELnvlNznLu/ayvxX7VxjcXBpJGmqhGMuF1U1IpiSVcm06m0IFAt PHBhpb8rFXNuuUD/FSsTfr6U/h/Oe93E84f9zuHxxo4WeUFekj2SkHfkkJyQMzIkgnw l34KtYDu4Cb6HO2HrtjUMNjPPyR8R7v4Ap4evRA==</latexit><latexit sha1_base64="6LTx9BG8RWW9 Orfdua206Pw27KA=">AAACV3icdZFNbxMxEIa921LC8pXCkYtFtKJcIm8oobm15dJD DwWRNlI2Wnmd2cTU9q7sWaRomz9Zcelf4QJOGqAgGMnSM+/MaOzXeaWkQ8ZugnBr+97 O/daD6OGjx0+etnefnbuytgKGolSlHeXcgZIGhihRwaiywHWu4CK/fL+qX3wB62RpPu GigonmMyMLKTh6KWub+CiKj6P46FUUp3ZeZqk0BS58oriZKaCj1K4hiq/YL0ybKD7N Znufsya1mqrl6yj++Du3Pk9RqinQO6r2atbusO5gwPaTPmXdt4z1+gMP7E3voN+nSZe to0M2cZa1r9NpKWoNBoXizo0TVuGk4RalULCM0tpBxcUln8HYo+Ea3KRZ+7KksVemtC itPwbpWr070XDt3ELnvlNznLu/ayvxX7VxjcXBpJGmqhGMuF1U1IpiSVcm06m0IFAt PHBhpb8rFXNuuUD/FSsTfr6U/h/Oe93E84f9zuHxxo4WeUFekj2SkHfkkJyQMzIkgnw l34KtYDu4Cb6HO2HrtjUMNjPPyR8R7v4Ap4evRA==</latexit><latexit sha1_base64="6LTx9BG8RWW9 Orfdua206Pw27KA=">AAACV3icdZFNbxMxEIa921LC8pXCkYtFtKJcIm8oobm15dJD DwWRNlI2Wnmd2cTU9q7sWaRomz9Zcelf4QJOGqAgGMnSM+/MaOzXeaWkQ8ZugnBr+97 O/daD6OGjx0+etnefnbuytgKGolSlHeXcgZIGhihRwaiywHWu4CK/fL+qX3wB62RpPu GigonmMyMLKTh6KWub+CiKj6P46FUUp3ZeZqk0BS58oriZKaCj1K4hiq/YL0ybKD7N Znufsya1mqrl6yj++Du3Pk9RqinQO6r2atbusO5gwPaTPmXdt4z1+gMP7E3voN+nSZe to0M2cZa1r9NpKWoNBoXizo0TVuGk4RalULCM0tpBxcUln8HYo+Ea3KRZ+7KksVemtC itPwbpWr070XDt3ELnvlNznLu/ayvxX7VxjcXBpJGmqhGMuF1U1IpiSVcm06m0IFAt PHBhpb8rFXNuuUD/FSsTfr6U/h/Oe93E84f9zuHxxo4WeUFekj2SkHfkkJyQMzIkgnw l34KtYDu4Cb6HO2HrtjUMNjPPyR8R7v4Ap4evRA==</latexit><latexit sha1_base64="6LTx9BG8RWW9 Orfdua206Pw27KA=">AAACV3icdZFNbxMxEIa921LC8pXCkYtFtKJcIm8oobm15dJD DwWRNlI2Wnmd2cTU9q7sWaRomz9Zcelf4QJOGqAgGMnSM+/MaOzXeaWkQ8ZugnBr+97 O/daD6OGjx0+etnefnbuytgKGolSlHeXcgZIGhihRwaiywHWu4CK/fL+qX3wB62RpPu GigonmMyMLKTh6KWub+CiKj6P46FUUp3ZeZqk0BS58oriZKaCj1K4hiq/YL0ybKD7N Znufsya1mqrl6yj++Du3Pk9RqinQO6r2atbusO5gwPaTPmXdt4z1+gMP7E3voN+nSZe to0M2cZa1r9NpKWoNBoXizo0TVuGk4RalULCM0tpBxcUln8HYo+Ea3KRZ+7KksVemtC itPwbpWr070XDt3ELnvlNznLu/ayvxX7VxjcXBpJGmqhGMuF1U1IpiSVcm06m0IFAt PHBhpb8rFXNuuUD/FSsTfr6U/h/Oe93E84f9zuHxxo4WeUFekj2SkHfkkJyQMzIkgnw l34KtYDu4Cb6HO2HrtjUMNjPPyR8R7v4Ap4evRA==</latexit>
L˜g(jm + 1)
<latexit sha1_bas e64="lqo6mswYNKOLclWNpUGoggY4c/o= ">AAACWXicdZHPb9MwFMedwEZnfqywIxe LKmITUpVM0+C4jQsHDhuiW6Wmihz3pfVmO 5H9glSF/pMckND+lR1w2g62CZ5k+fO+7z 3Z/jqvlHQYx7+C8NHjjc0nnS369NnzF9v dl6/OXVlbAQNRqtIOc+5ASQMDlKhgWFng OldwkV99bOsX38A6WZqvOK9grPnUyEIKj l7KulV0TKMTGh2/pVFqZ2WWSlPg3CeKm6 kCNkztEmj0Pf6DaUOjz9l09zJrUquZWuzR 6Mvf3Po8RakmwO506cW7ZI9m3V7cP4zbY HH/4Bb2V5D0l3vcI+s4zbo/0kkpag0Ghe LOjZK4wnHDLUqhYEHT2kHFxRWfwsij4Rr cuFk6s2CRVyasKK1fBtlSvTvRcO3cXOe+ U3OcuYe1VvxXbVRj8WHcSFPVCEasDipqxb Bkrc1sIi0IVHMPXFjp78rEjFsu0H9Ga8L tS9n/4Xy/n3g+O+gdnazt6JDX5A3ZJQl5 T47IJ3JKBkSQn+Qm2Ag2g+swCDshXbWGw Xpmh9yLcOc3Onyubw==</latexit><latexit sha1_bas e64="lqo6mswYNKOLclWNpUGoggY4c/o= ">AAACWXicdZHPb9MwFMedwEZnfqywIxe LKmITUpVM0+C4jQsHDhuiW6Wmihz3pfVmO 5H9glSF/pMckND+lR1w2g62CZ5k+fO+7z 3Z/jqvlHQYx7+C8NHjjc0nnS369NnzF9v dl6/OXVlbAQNRqtIOc+5ASQMDlKhgWFng OldwkV99bOsX38A6WZqvOK9grPnUyEIKj l7KulV0TKMTGh2/pVFqZ2WWSlPg3CeKm6 kCNkztEmj0Pf6DaUOjz9l09zJrUquZWuzR 6Mvf3Po8RakmwO506cW7ZI9m3V7cP4zbY HH/4Bb2V5D0l3vcI+s4zbo/0kkpag0Ghe LOjZK4wnHDLUqhYEHT2kHFxRWfwsij4Rr cuFk6s2CRVyasKK1fBtlSvTvRcO3cXOe+ U3OcuYe1VvxXbVRj8WHcSFPVCEasDipqxb Bkrc1sIi0IVHMPXFjp78rEjFsu0H9Ga8L tS9n/4Xy/n3g+O+gdnazt6JDX5A3ZJQl5 T47IJ3JKBkSQn+Qm2Ag2g+swCDshXbWGw Xpmh9yLcOc3Onyubw==</latexit><latexit sha1_bas e64="lqo6mswYNKOLclWNpUGoggY4c/o= ">AAACWXicdZHPb9MwFMedwEZnfqywIxe LKmITUpVM0+C4jQsHDhuiW6Wmihz3pfVmO 5H9glSF/pMckND+lR1w2g62CZ5k+fO+7z 3Z/jqvlHQYx7+C8NHjjc0nnS369NnzF9v dl6/OXVlbAQNRqtIOc+5ASQMDlKhgWFng OldwkV99bOsX38A6WZqvOK9grPnUyEIKj l7KulV0TKMTGh2/pVFqZ2WWSlPg3CeKm6 kCNkztEmj0Pf6DaUOjz9l09zJrUquZWuzR 6Mvf3Po8RakmwO506cW7ZI9m3V7cP4zbY HH/4Bb2V5D0l3vcI+s4zbo/0kkpag0Ghe LOjZK4wnHDLUqhYEHT2kHFxRWfwsij4Rr cuFk6s2CRVyasKK1fBtlSvTvRcO3cXOe+ U3OcuYe1VvxXbVRj8WHcSFPVCEasDipqxb Bkrc1sIi0IVHMPXFjp78rEjFsu0H9Ga8L tS9n/4Xy/n3g+O+gdnazt6JDX5A3ZJQl5 T47IJ3JKBkSQn+Qm2Ag2g+swCDshXbWGw Xpmh9yLcOc3Onyubw==</latexit><latexit sha1_bas e64="lqo6mswYNKOLclWNpUGoggY4c/o= ">AAACWXicdZHPb9MwFMedwEZnfqywIxe LKmITUpVM0+C4jQsHDhuiW6Wmihz3pfVmO 5H9glSF/pMckND+lR1w2g62CZ5k+fO+7z 3Z/jqvlHQYx7+C8NHjjc0nnS369NnzF9v dl6/OXVlbAQNRqtIOc+5ASQMDlKhgWFng OldwkV99bOsX38A6WZqvOK9grPnUyEIKj l7KulV0TKMTGh2/pVFqZ2WWSlPg3CeKm6 kCNkztEmj0Pf6DaUOjz9l09zJrUquZWuzR 6Mvf3Po8RakmwO506cW7ZI9m3V7cP4zbY HH/4Bb2V5D0l3vcI+s4zbo/0kkpag0Ghe LOjZK4wnHDLUqhYEHT2kHFxRWfwsij4Rr cuFk6s2CRVyasKK1fBtlSvTvRcO3cXOe+ U3OcuYe1VvxXbVRj8WHcSFPVCEasDipqxb Bkrc1sIi0IVHMPXFjp78rEjFsu0H9Ga8L tS9n/4Xy/n3g+O+gdnazt6JDX5A3ZJQl5 T47IJ3JKBkSQn+Qm2Ag2g+swCDshXbWGw Xpmh9yLcOc3Onyubw==</latexit>
⇢g
<latexit sha1_base64="18imqtiaU5 rvLMXDbZFEM0YlDA0=">AAAB7XicdVDLSsNAFL3xWeur6tLNYBFchaQPbXdFNy 4r2Ae0oUymk3bsJBNmJkIJ/Qc3LhRx6/+482+ctBVU9MCFwzn3cu89fsyZ0o7zY a2srq1vbOa28ts7u3v7hYPDthKJJLRFBBey62NFOYtoSzPNaTeWFIc+px1/cpX 5nXsqFRPRrZ7G1AvxKGIBI1gbqd2XYzEYDQpFx67X6tVKBTl2yXHLJTcj5ep5uY Zc25mjCEs0B4X3/lCQJKSRJhwr1XOdWHsplpoRTmf5fqJojMkEj2jP0AiHVHnp /NoZOjXKEAVCmoo0mqvfJ1IcKjUNfdMZYj1Wv71M/MvrJTqoeSmL4kTTiCwWBQl HWqDsdTRkkhLNp4ZgIpm5FZExlphoE1DehPD1KfqftEu2a/hNpdi4XMaRg2M4g TNw4QIacA1NaAGBO3iAJ3i2hPVovVivi9YVazlzBD9gvX0CBl6PbA==</latexi t><latexit sha1_base64="18imqtiaU5 rvLMXDbZFEM0YlDA0=">AAAB7XicdVDLSsNAFL3xWeur6tLNYBFchaQPbXdFNy 4r2Ae0oUymk3bsJBNmJkIJ/Qc3LhRx6/+482+ctBVU9MCFwzn3cu89fsyZ0o7zY a2srq1vbOa28ts7u3v7hYPDthKJJLRFBBey62NFOYtoSzPNaTeWFIc+px1/cpX 5nXsqFRPRrZ7G1AvxKGIBI1gbqd2XYzEYDQpFx67X6tVKBTl2yXHLJTcj5ep5uY Zc25mjCEs0B4X3/lCQJKSRJhwr1XOdWHsplpoRTmf5fqJojMkEj2jP0AiHVHnp /NoZOjXKEAVCmoo0mqvfJ1IcKjUNfdMZYj1Wv71M/MvrJTqoeSmL4kTTiCwWBQl HWqDsdTRkkhLNp4ZgIpm5FZExlphoE1DehPD1KfqftEu2a/hNpdi4XMaRg2M4g TNw4QIacA1NaAGBO3iAJ3i2hPVovVivi9YVazlzBD9gvX0CBl6PbA==</latexi t><latexit sha1_base64="18imqtiaU5 rvLMXDbZFEM0YlDA0=">AAAB7XicdVDLSsNAFL3xWeur6tLNYBFchaQPbXdFNy 4r2Ae0oUymk3bsJBNmJkIJ/Qc3LhRx6/+482+ctBVU9MCFwzn3cu89fsyZ0o7zY a2srq1vbOa28ts7u3v7hYPDthKJJLRFBBey62NFOYtoSzPNaTeWFIc+px1/cpX 5nXsqFRPRrZ7G1AvxKGIBI1gbqd2XYzEYDQpFx67X6tVKBTl2yXHLJTcj5ep5uY Zc25mjCEs0B4X3/lCQJKSRJhwr1XOdWHsplpoRTmf5fqJojMkEj2jP0AiHVHnp /NoZOjXKEAVCmoo0mqvfJ1IcKjUNfdMZYj1Wv71M/MvrJTqoeSmL4kTTiCwWBQl HWqDsdTRkkhLNp4ZgIpm5FZExlphoE1DehPD1KfqftEu2a/hNpdi4XMaRg2M4g TNw4QIacA1NaAGBO3iAJ3i2hPVovVivi9YVazlzBD9gvX0CBl6PbA==</latexi t><latexit sha1_base64="18imqtiaU5 rvLMXDbZFEM0YlDA0=">AAAB7XicdVDLSsNAFL3xWeur6tLNYBFchaQPbXdFNy 4r2Ae0oUymk3bsJBNmJkIJ/Qc3LhRx6/+482+ctBVU9MCFwzn3cu89fsyZ0o7zY a2srq1vbOa28ts7u3v7hYPDthKJJLRFBBey62NFOYtoSzPNaTeWFIc+px1/cpX 5nXsqFRPRrZ7G1AvxKGIBI1gbqd2XYzEYDQpFx67X6tVKBTl2yXHLJTcj5ep5uY Zc25mjCEs0B4X3/lCQJKSRJhwr1XOdWHsplpoRTmf5fqJojMkEj2jP0AiHVHnp /NoZOjXKEAVCmoo0mqvfJ1IcKjUNfdMZYj1Wv71M/MvrJTqoeSmL4kTTiCwWBQl HWqDsdTRkkhLNp4ZgIpm5FZExlphoE1DehPD1KfqftEu2a/hNpdi4XMaRg2M4g TNw4QIacA1NaAGBO3iAJ3i2hPVovVivi9YVazlzBD9gvX0CBl6PbA==</latexi t>
FIG. S6. Relations between g, Lg , Rg , L˜g and R˜g through a sym-
metric inhomogeneous locality-preserving unitary ULP with lLR =
1, which is always the case after sufficient blocking. Trace preserva-
tion under unitary transforms implies TrLg(jl) = Tr R˜g(jm) and
TrRg(jl) = Tr L˜g(jm + 1). Note that the parts above and below
the red dashed line are transformed separately.
have l˜LR ≤ lLR. Similarly, we can derive lLR ≤ l˜LR from
(U†LP)
† = ULP. Combining these two relations, we obtain
(iii). 
With all the previous results in hand, we are ready to prove
Theorem 5 (Factorization relation) Given a G-symmetric
locality-preserving unitary ULP with Lieb-Robinson length
lLR, for ∀g ∈ G defining a g-string operator ρg[jl,jr] ≡⊗
j∈[jl,jr] ρg with |jl − jr| ≥ 4lLR, we have (with 1’s omitted
for simplicity)
U†LPρg[jl,jr]ULP = Lg(jl)⊗ ρg[jl+lLR,jr−lLR] ⊗Rg(jr),
(S73)
where Lg(jl) and Rg(jl) are unitary operators acting non-
trivially (at most) on IL = [jl − lLR, jl + lLR − 1] and
IR = [jr − lLR + 1, jr + lLR], respectively.
Proof: We divide the lattice ZL into three subsystems: S1 ≡
ZL\[jl − lLR, jr + lLR], S2 ≡ [jl + lLR, jr − lLR] and
S3 ≡ IL
⋃
IR. Applying Prop. 2(i) directly to the LHS
of Eq. (S73), we obtain U†LPρg[jl,jr]ULP = U1 ⊗ U1¯ with
U1 = 1S1 . Since ULP is G-symmetric, we can rewrite the
evolved g-string operator into
U†LPρg[jl,jr]ULP = ρ
⊗L
g U
†
LPρ
†
gZL\[jl,jr]ULP. (S74)
Applying Prop. 2(i) to the RHS of Eq. (S74), we obtain
U†LPρg[jl,jr]ULP = U2 ⊗ U2¯ with U2 = ρ⊗(jr−jl−2lLR+1)g .
According to Lemma 3, there exists a unitary U3 acting on S3
such that U†LPρg[jl,jr]ULP =
⊗3
m=1 Um.
We move on to show that U3 can further be factorized. Ac-
cording to Prop. 2(ii) and (iii), the Lieb-Robinson length of
U†LPρg[jl,jr]ULP =
⊗3
m=1 Um is no more than 2lLR. Since
|jl − jr| ≥ 4lLR, given any two operators OIL and OIR
acting nontrivially only on IL and IR, respectively, we have
[U†3 (OIL ⊗ 1IR)U3,1IL ⊗ OIR ] = [OIL ⊗ 1IR , U†3 (1IL ⊗
OIR)U3] = 0. It follows from Lemma 2 that U3 = Lg(jl) ⊗
Rg(jr) for two unitaries Lg(jl) and Rg(jr) acting on IL and
IR, respectively. Substituting the expressions of Um (m =
1, 2, 3) into
⊗3
m=1 Um yields the RHS of Eq. (S73). 
Basic properties
We first mention that the robustness of ind against disorder
and its additivity are well established in Ref. [37], so it is suf-
ficient to focus on the relative SPI indg − ind. By sufficient
we mean that once we know the relative SPI is an additive
topological invariant, so is the SPI.
Proposition 3 The relative SPI
indg − ind ≡ 1
2
log
∣∣∣∣TrLgTrRg
∣∣∣∣ (S75)
is a well-defined global character, although Lg and Rg are
generally site-dependent.
Proof: To prove the site-independence of |TrLg| and
|TrRg|, we only have to show TrLg(jl) = Tr R˜g(jm) and
TrRg(jr) = Tr L˜g(jm + 1) for ∀jm ∈ (jl + lLR, jr − lLR),
where L˜g and R˜g are determined from evolving the g-string
operator by U†LP. These two identities stem simply from the
preservation of trace under unitary conjugation (see Fig. S6).
As jl and jr are variable for a fixed jm, |TrLg| and |TrRg|
should be site-independent and indg − ind in Eq. (S75) is a
well-defined global character for ULP.
It remains to derive the relations in Fig. S6, where the upper
half is nothing but Thm. 5, so we only have to rigorously de-
rive the lower half. To show the relation above the red dashed
line, which explicitly reads
ULPLg(jl)⊗ ρg[jl+lLR,jm]U†LP = ρg[jl,jm−lLR] ⊗ R˜g(jm),
(S76)
we divide ZL into S1 = ZL\[jl − 2lLR, jm + lLR], S2 =
[jl− 2lLR, jm− lLR] and S3 = [jm− lLR + 1, jm + lLR]. Ap-
plying Prop. 2(i) directly to the LHS of Eq. (S76), we obtain
the factorization U1⊗U1¯ with U1 = 1S1 . Moreover, rewriting
Eq. (S73) into
ULPLg(jl)⊗ ρg[jl+lLR,jm]U†LP
= ρg[jl,jr]ULPρ
†
g[jm+1,jr−lLR] ⊗Rg(jr)†U
†
LP
(S77)
and applying Prop. 2(i) directly to the RHS, we obtain the fac-
torization U2 ⊗ U2¯ with U2 = ρg[jl−2lLR,jm−lLR]. According
to Lemma 3, Eq. (S76) follows. Similarly, by choosing S1 =
ZL\[jm− lLR + 1, jr + 2lLR], S2 = [jm + lLR + 1, jr + 2lLR]
and the same S3, we can derive
ULPρg[jm+1,jr−lLR] ⊗Rg(jr)U†LP
= L˜g(jm + 1)⊗ ρg[jm+lLR+1,jr].
(S78)
The independence of R˜g(jm) and L˜g(jm + 1) on jl and jr
with min{|jl − jm|, |jr − jm|} ≥ lLR is again a direct result
of Prop. 2(i), i.e., a local modification far from subsystem S3
cannot propagate to S3 through U
†
LP. 
Similarly to the SPI, we can also generalize the cohomol-
ogy character to inhomogeneous locality-preserving unitaries
by realising that Lg(jl) ⊗ Rg(jr) is a linear representation,
refer to Fig. S6 top.
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Rg(jr)
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Lg(jl)
<latexit sha1_base64="9Ftr71S//SqCyAfYTob+E9MnK/Y=">AAADOHichVLNb9MwFHfC1wgf6+DIxaKq1IqpSqJsK9plgguHCpWKbJOaEjmOm5o 5cWQ7SFWUP4sLfwY3xIUDCHHlL8Bpm6mrGDzJ0u/jvefnjyhnVCrb/mKYN27eun1n56517/6Dh7utvUenkhcCEx9zxsV5hCRhNCO+ooqR81wQlEaMnEUXL2v/7AMRkvLsrVrkZJqiJKMzipHSUrhnvO4EirKYwGFYuvtJZTV83HD/XRCjJCwDkcLhaN+tusFxgGOuguOevyHrzGuSthtYHZet6XibOprqUZz l1uMG/LNFPbOY8zC5rOy+X3ms6l02aTRRa1fP2FjphjXctp45PWsYJv9pHbbadv/Idj3XhXbf8w6cA1uD597h4HAAnb69jDZYxyhsfQ5ijouUZAozJOXEsXM1LZFQFDNSWUEhSY7wBUrIRMMMpUROy+XDV7CjlRjOuNArU3CpblaUKJVykUY6M0VqLre9WvybNynUbDAtaZYXimR4tdGsYFBxWP8iGFNBsGI LDRAWVM8K8RwJhJX+a5a+hOak8Hpw6vYdjd947ZMX6+vYAU/AU9AFDjgCJ+AVGAEfYOOj8dX4bvwwP5nfzJ/mr1WqaaxrHoMrYf7+A+LN+0Q=</latexit><latexit sha1_base64="9Ftr71S//SqCyAfYTob+E9MnK/Y=">AAADOHichVLNb9MwFHfC1wgf6+DIxaKq1IqpSqJsK9plgguHCpWKbJOaEjmOm5o 5cWQ7SFWUP4sLfwY3xIUDCHHlL8Bpm6mrGDzJ0u/jvefnjyhnVCrb/mKYN27eun1n56517/6Dh7utvUenkhcCEx9zxsV5hCRhNCO+ooqR81wQlEaMnEUXL2v/7AMRkvLsrVrkZJqiJKMzipHSUrhnvO4EirKYwGFYuvtJZTV83HD/XRCjJCwDkcLhaN+tusFxgGOuguOevyHrzGuSthtYHZet6XibOprqUZz l1uMG/LNFPbOY8zC5rOy+X3ms6l02aTRRa1fP2FjphjXctp45PWsYJv9pHbbadv/Idj3XhXbf8w6cA1uD597h4HAAnb69jDZYxyhsfQ5ijouUZAozJOXEsXM1LZFQFDNSWUEhSY7wBUrIRMMMpUROy+XDV7CjlRjOuNArU3CpblaUKJVykUY6M0VqLre9WvybNynUbDAtaZYXimR4tdGsYFBxWP8iGFNBsGI LDRAWVM8K8RwJhJX+a5a+hOak8Hpw6vYdjd947ZMX6+vYAU/AU9AFDjgCJ+AVGAEfYOOj8dX4bvwwP5nfzJ/mr1WqaaxrHoMrYf7+A+LN+0Q=</latexit><latexit sha1_base64="9Ftr71S//SqCyAfYTob+E9MnK/Y=">AAADOHichVLNb9MwFHfC1wgf6+DIxaKq1IqpSqJsK9plgguHCpWKbJOaEjmOm5o 5cWQ7SFWUP4sLfwY3xIUDCHHlL8Bpm6mrGDzJ0u/jvefnjyhnVCrb/mKYN27eun1n56517/6Dh7utvUenkhcCEx9zxsV5hCRhNCO+ooqR81wQlEaMnEUXL2v/7AMRkvLsrVrkZJqiJKMzipHSUrhnvO4EirKYwGFYuvtJZTV83HD/XRCjJCwDkcLhaN+tusFxgGOuguOevyHrzGuSthtYHZet6XibOprqUZz l1uMG/LNFPbOY8zC5rOy+X3ms6l02aTRRa1fP2FjphjXctp45PWsYJv9pHbbadv/Idj3XhXbf8w6cA1uD597h4HAAnb69jDZYxyhsfQ5ijouUZAozJOXEsXM1LZFQFDNSWUEhSY7wBUrIRMMMpUROy+XDV7CjlRjOuNArU3CpblaUKJVykUY6M0VqLre9WvybNynUbDAtaZYXimR4tdGsYFBxWP8iGFNBsGI LDRAWVM8K8RwJhJX+a5a+hOak8Hpw6vYdjd947ZMX6+vYAU/AU9AFDjgCJ+AVGAEfYOOj8dX4bvwwP5nfzJ/mr1WqaaxrHoMrYf7+A+LN+0Q=</latexit><latexit sha1_base64="9Ftr71S//SqCyAfYTob+E9MnK/Y=">AAADOHichVLNb9MwFHfC1wgf6+DIxaKq1IqpSqJsK9plgguHCpWKbJOaEjmOm5o 5cWQ7SFWUP4sLfwY3xIUDCHHlL8Bpm6mrGDzJ0u/jvefnjyhnVCrb/mKYN27eun1n56517/6Dh7utvUenkhcCEx9zxsV5hCRhNCO+ooqR81wQlEaMnEUXL2v/7AMRkvLsrVrkZJqiJKMzipHSUrhnvO4EirKYwGFYuvtJZTV83HD/XRCjJCwDkcLhaN+tusFxgGOuguOevyHrzGuSthtYHZet6XibOprqUZz l1uMG/LNFPbOY8zC5rOy+X3ms6l02aTRRa1fP2FjphjXctp45PWsYJv9pHbbadv/Idj3XhXbf8w6cA1uD597h4HAAnb69jDZYxyhsfQ5ijouUZAozJOXEsXM1LZFQFDNSWUEhSY7wBUrIRMMMpUROy+XDV7CjlRjOuNArU3CpblaUKJVykUY6M0VqLre9WvybNynUbDAtaZYXimR4tdGsYFBxWP8iGFNBsGI LDRAWVM8K8RwJhJX+a5a+hOak8Hpw6vYdjd947ZMX6+vYAU/AU9AFDjgCJ+AVGAEfYOOj8dX4bvwwP5nfzJ/mr1WqaaxrHoMrYf7+A+LN+0Q=</latexit>
L1,g(jl)
<latexit sha1_base64="NkoOV0j bThVLz1g1jfecHZDgp94=">AAADPHicjVLNb9MwFHfC1whf3ThysagqtW KqkijbOu0ywYVDD6Ui26SmRI7jpmZOHNkOUhXlD+PCH8GNExcOIMSVM07 bTF3FEE+y9Pt47/n5I8oZlcq2vxjmrdt37t7buW89ePjo8ZPW7t6Z5IXA xMeccXERIUkYzYivqGLkIhcEpREj59Hlq9o//0CEpDx7qxY5maYoyeiMY qS0FO4a406gKIsJHIalu59UVsPHDfffBTFKwjIQKRyO9t2qG5wEOOYqOO n5G7LOvCFpu4HVcdmajrepo6kexVluPW7AP1vUM4s5D5Oryu77lceq3lW TRhO1dv2MjZVuWMNt64XTs/6vfdhq2/0j2/VcF9p9zztwDmwNjr3DweEAO n17GW2wjlHY+hzEHBcpyRRmSMqJY+dqWiKhKGaksoJCkhzhS5SQiYYZSo mclsvHr2BHKzGccaFXpuBS3awoUSrlIo10ZorUXG57tfg3b1Ko2WBa0iw vFMnwaqNZwaDisP5JMKaCYMUWGiAsqJ4V4jkSCCv93yx9Cc1J4c3gzO07 Gr/x2qcv19exA56B56ALHHAETsFrMAI+wMZH46vx3fhhfjK/mT/NX6tU0 1jXPAXXwvz9BzDB/ME=</latexit><latexit sha1_base64="NkoOV0j bThVLz1g1jfecHZDgp94=">AAADPHicjVLNb9MwFHfC1whf3ThysagqtW KqkijbOu0ywYVDD6Ui26SmRI7jpmZOHNkOUhXlD+PCH8GNExcOIMSVM07 bTF3FEE+y9Pt47/n5I8oZlcq2vxjmrdt37t7buW89ePjo8ZPW7t6Z5IXA xMeccXERIUkYzYivqGLkIhcEpREj59Hlq9o//0CEpDx7qxY5maYoyeiMY qS0FO4a406gKIsJHIalu59UVsPHDfffBTFKwjIQKRyO9t2qG5wEOOYqOO n5G7LOvCFpu4HVcdmajrepo6kexVluPW7AP1vUM4s5D5Oryu77lceq3lW TRhO1dv2MjZVuWMNt64XTs/6vfdhq2/0j2/VcF9p9zztwDmwNjr3DweEAO n17GW2wjlHY+hzEHBcpyRRmSMqJY+dqWiKhKGaksoJCkhzhS5SQiYYZSo mclsvHr2BHKzGccaFXpuBS3awoUSrlIo10ZorUXG57tfg3b1Ko2WBa0iw vFMnwaqNZwaDisP5JMKaCYMUWGiAsqJ4V4jkSCCv93yx9Cc1J4c3gzO07 Gr/x2qcv19exA56B56ALHHAETsFrMAI+wMZH46vx3fhhfjK/mT/NX6tU0 1jXPAXXwvz9BzDB/ME=</latexit><latexit sha1_base64="NkoOV0j bThVLz1g1jfecHZDgp94=">AAADPHicjVLNb9MwFHfC1whf3ThysagqtW KqkijbOu0ywYVDD6Ui26SmRI7jpmZOHNkOUhXlD+PCH8GNExcOIMSVM07 bTF3FEE+y9Pt47/n5I8oZlcq2vxjmrdt37t7buW89ePjo8ZPW7t6Z5IXA xMeccXERIUkYzYivqGLkIhcEpREj59Hlq9o//0CEpDx7qxY5maYoyeiMY qS0FO4a406gKIsJHIalu59UVsPHDfffBTFKwjIQKRyO9t2qG5wEOOYqOO n5G7LOvCFpu4HVcdmajrepo6kexVluPW7AP1vUM4s5D5Oryu77lceq3lW TRhO1dv2MjZVuWMNt64XTs/6vfdhq2/0j2/VcF9p9zztwDmwNjr3DweEAO n17GW2wjlHY+hzEHBcpyRRmSMqJY+dqWiKhKGaksoJCkhzhS5SQiYYZSo mclsvHr2BHKzGccaFXpuBS3awoUSrlIo10ZorUXG57tfg3b1Ko2WBa0iw vFMnwaqNZwaDisP5JMKaCYMUWGiAsqJ4V4jkSCCv93yx9Cc1J4c3gzO07 Gr/x2qcv19exA56B56ALHHAETsFrMAI+wMZH46vx3fhhfjK/mT/NX6tU0 1jXPAXXwvz9BzDB/ME=</latexit><latexit sha1_base64="NkoOV0j bThVLz1g1jfecHZDgp94=">AAADPHicjVLNb9MwFHfC1whf3ThysagqtW KqkijbOu0ywYVDD6Ui26SmRI7jpmZOHNkOUhXlD+PCH8GNExcOIMSVM07 bTF3FEE+y9Pt47/n5I8oZlcq2vxjmrdt37t7buW89ePjo8ZPW7t6Z5IXA xMeccXERIUkYzYivqGLkIhcEpREj59Hlq9o//0CEpDx7qxY5maYoyeiMY qS0FO4a406gKIsJHIalu59UVsPHDfffBTFKwjIQKRyO9t2qG5wEOOYqOO n5G7LOvCFpu4HVcdmajrepo6kexVluPW7AP1vUM4s5D5Oryu77lceq3lW TRhO1dv2MjZVuWMNt64XTs/6vfdhq2/0j2/VcF9p9zztwDmwNjr3DweEAO n17GW2wjlHY+hzEHBcpyRRmSMqJY+dqWiKhKGaksoJCkhzhS5SQiYYZSo mclsvHr2BHKzGccaFXpuBS3awoUSrlIo10ZorUXG57tfg3b1Ko2WBa0iw vFMnwaqNZwaDisP5JMKaCYMUWGiAsqJ4V4jkSCCv93yx9Cc1J4c3gzO07 Gr/x2qcv19exA56B56ALHHAETsFrMAI+wMZH46vx3fhhfjK/mT/NX6tU0 1jXPAXXwvz9BzDB/ME=</latexit>
L˜2,g(jm + 1)
<latexit sha1_base64="d9Exafk2k S1mO2d0WiNZIRla/vI=">AAADPHicjVLPb9MwFHbCj43AoIMjF4uqUqtNVRJ NbNIuE1w47FAqsk1qSuQ4burNjiPbmVRF+cO48Edw48SFAwhx5YzTNmOttok nWf7e9733/PzsOGdUadf9atn37j94uLH5yHn8ZOvps9b28xMlColJgAUT8ixG ijCakUBTzchZLgniMSOn8cXbWj+9JFJRkX3Qs5yMOUozOqEYaUNF29awE2rK EgKPo9LfTSun8YeNH3wME5RGZSg5PB7s+lU3PAxxInR42Auu0SbylqD1Ak7HZ 0t3uO56xjWtePOjhw24s0Tds5yKKL3K7J4vNFb1roo0nKy51Ts2EjfS6jT+K Tte73/LR62223/t1gbd/l4D/AXw+vPdbYOlDaLWlzARuOAk05ghpUaem+txi aSmmJHKCQtFcoQvUEpGBmaIEzUu549fwY5hEjgR0qxMwzl7PaNEXKkZj00kR3 qq1rWavEkbFXpyMC5plheaZHhx0KRgUAtY/ySYUEmwZjMDEJbU9ArxFEmEtf lvjhlCc1N4Ozjx+57B7/faR2+W49gEL8Er0AUe2AdH4B0YgABg65P1zfph/b Q/29/tX/bvRahtLXNegBWz//wF2NL8gA==</latexit><latexit sha1_base64="d9Exafk2k S1mO2d0WiNZIRla/vI=">AAADPHicjVLPb9MwFHbCj43AoIMjF4uqUqtNVRJ NbNIuE1w47FAqsk1qSuQ4burNjiPbmVRF+cO48Edw48SFAwhx5YzTNmOttok nWf7e9733/PzsOGdUadf9atn37j94uLH5yHn8ZOvps9b28xMlColJgAUT8ixG ijCakUBTzchZLgniMSOn8cXbWj+9JFJRkX3Qs5yMOUozOqEYaUNF29awE2rK EgKPo9LfTSun8YeNH3wME5RGZSg5PB7s+lU3PAxxInR42Auu0SbylqD1Ak7HZ 0t3uO56xjWtePOjhw24s0Tds5yKKL3K7J4vNFb1roo0nKy51Ts2EjfS6jT+K Tte73/LR62223/t1gbd/l4D/AXw+vPdbYOlDaLWlzARuOAk05ghpUaem+txi aSmmJHKCQtFcoQvUEpGBmaIEzUu549fwY5hEjgR0qxMwzl7PaNEXKkZj00kR3 qq1rWavEkbFXpyMC5plheaZHhx0KRgUAtY/ySYUEmwZjMDEJbU9ArxFEmEtf lvjhlCc1N4Ozjx+57B7/faR2+W49gEL8Er0AUe2AdH4B0YgABg65P1zfph/b Q/29/tX/bvRahtLXNegBWz//wF2NL8gA==</latexit><latexit sha1_base64="d9Exafk2k S1mO2d0WiNZIRla/vI=">AAADPHicjVLPb9MwFHbCj43AoIMjF4uqUqtNVRJ NbNIuE1w47FAqsk1qSuQ4burNjiPbmVRF+cO48Edw48SFAwhx5YzTNmOttok nWf7e9733/PzsOGdUadf9atn37j94uLH5yHn8ZOvps9b28xMlColJgAUT8ixG ijCakUBTzchZLgniMSOn8cXbWj+9JFJRkX3Qs5yMOUozOqEYaUNF29awE2rK EgKPo9LfTSun8YeNH3wME5RGZSg5PB7s+lU3PAxxInR42Auu0SbylqD1Ak7HZ 0t3uO56xjWtePOjhw24s0Tds5yKKL3K7J4vNFb1roo0nKy51Ts2EjfS6jT+K Tte73/LR62223/t1gbd/l4D/AXw+vPdbYOlDaLWlzARuOAk05ghpUaem+txi aSmmJHKCQtFcoQvUEpGBmaIEzUu549fwY5hEjgR0qxMwzl7PaNEXKkZj00kR3 qq1rWavEkbFXpyMC5plheaZHhx0KRgUAtY/ySYUEmwZjMDEJbU9ArxFEmEtf lvjhlCc1N4Ozjx+57B7/faR2+W49gEL8Er0AUe2AdH4B0YgABg65P1zfph/b Q/29/tX/bvRahtLXNegBWz//wF2NL8gA==</latexit><latexit sha1_base64="d9Exafk2k S1mO2d0WiNZIRla/vI=">AAADPHicjVLPb9MwFHbCj43AoIMjF4uqUqtNVRJ NbNIuE1w47FAqsk1qSuQ4burNjiPbmVRF+cO48Edw48SFAwhx5YzTNmOttok nWf7e9733/PzsOGdUadf9atn37j94uLH5yHn8ZOvps9b28xMlColJgAUT8ixG ijCakUBTzchZLgniMSOn8cXbWj+9JFJRkX3Qs5yMOUozOqEYaUNF29awE2rK EgKPo9LfTSun8YeNH3wME5RGZSg5PB7s+lU3PAxxInR42Auu0SbylqD1Ak7HZ 0t3uO56xjWtePOjhw24s0Tds5yKKL3K7J4vNFb1roo0nKy51Ts2EjfS6jT+K Tte73/LR62223/t1gbd/l4D/AXw+vPdbYOlDaLWlzARuOAk05ghpUaem+txi aSmmJHKCQtFcoQvUEpGBmaIEzUu549fwY5hEjgR0qxMwzl7PaNEXKkZj00kR3 qq1rWavEkbFXpyMC5plheaZHhx0KRgUAtY/ySYUEmwZjMDEJbU9ArxFEmEtf lvjhlCc1N4Ozjx+57B7/faR2+W49gEL8Er0AUe2AdH4B0YgABg65P1zfph/b Q/29/tX/bvRahtLXNegBWz//wF2NL8gA==</latexit>
R˜2,g(jm)
<latexit sha1_base64="xMQCcTZ8Yqwwta1njRwFP1vnA54=">AAADPHicj VLNb9MwFHfC1wgf67YjF4uqUiumygmjW7XLNC4cdigV2SY1JXIcNzVzPmQ7SFWUP2wX/ghuO3HhAEJcOeO0zVgrhnhSpN/He8/PLw4yzqRC6Mow79y9d//Bxk Pr0eMnTzcbW9unMs0FoS5JeSrOAywpZwl1FVOcnmeC4jjg9Cy4eF35Zx+pkCxN3qlZRscxjhI2YQQrLflbxrDlKcZDCk/8wtmNSqvmw5q7770QR37hiRieDH adsu0deiRMlXfYcW/IOvOWpPUGVsvhSzpcp7amehR7fvSwBv9sUc0spqkfXVe2Pyw8Xnaum9Sa0NrqFWsnrrJXt/HHemF3/re932iibr+P9uweRN1XCDm9vgb opXPQ60G7i+bRBMsY+I3PXpiSPKaJIhxLObJRpsYFFooRTkvLyyXNMLnAER1pmOCYynEx//klbGklhJNU6C9RcK7erChwLOUsDnRmjNVUrnuV+DdvlKvJwbhg SZYrmpDFQZOcQ5XC6iXBkAlKFJ9pgIlgelZIplhgovR7s/QS6pvC28Gp07U1frvXPDpermMDPAPPQRvYYB8cgTdgAFxAjEvji/HN+G5+Mr+aP8yfi1TTWNbsg JUwf/0GOmj8wA==</latexit><latexit sha1_base64="xMQCcTZ8Yqwwta1njRwFP1vnA54=">AAADPHicj VLNb9MwFHfC1wgf67YjF4uqUiumygmjW7XLNC4cdigV2SY1JXIcNzVzPmQ7SFWUP2wX/ghuO3HhAEJcOeO0zVgrhnhSpN/He8/PLw4yzqRC6Mow79y9d//Bxk Pr0eMnTzcbW9unMs0FoS5JeSrOAywpZwl1FVOcnmeC4jjg9Cy4eF35Zx+pkCxN3qlZRscxjhI2YQQrLflbxrDlKcZDCk/8wtmNSqvmw5q7770QR37hiRieDH adsu0deiRMlXfYcW/IOvOWpPUGVsvhSzpcp7amehR7fvSwBv9sUc0spqkfXVe2Pyw8Xnaum9Sa0NrqFWsnrrJXt/HHemF3/re932iibr+P9uweRN1XCDm9vgb opXPQ60G7i+bRBMsY+I3PXpiSPKaJIhxLObJRpsYFFooRTkvLyyXNMLnAER1pmOCYynEx//klbGklhJNU6C9RcK7erChwLOUsDnRmjNVUrnuV+DdvlKvJwbhg SZYrmpDFQZOcQ5XC6iXBkAlKFJ9pgIlgelZIplhgovR7s/QS6pvC28Gp07U1frvXPDpermMDPAPPQRvYYB8cgTdgAFxAjEvji/HN+G5+Mr+aP8yfi1TTWNbsg JUwf/0GOmj8wA==</latexit><latexit sha1_base64="xMQCcTZ8Yqwwta1njRwFP1vnA54=">AAADPHicj VLNb9MwFHfC1wgf67YjF4uqUiumygmjW7XLNC4cdigV2SY1JXIcNzVzPmQ7SFWUP2wX/ghuO3HhAEJcOeO0zVgrhnhSpN/He8/PLw4yzqRC6Mow79y9d//Bxk Pr0eMnTzcbW9unMs0FoS5JeSrOAywpZwl1FVOcnmeC4jjg9Cy4eF35Zx+pkCxN3qlZRscxjhI2YQQrLflbxrDlKcZDCk/8wtmNSqvmw5q7770QR37hiRieDH adsu0deiRMlXfYcW/IOvOWpPUGVsvhSzpcp7amehR7fvSwBv9sUc0spqkfXVe2Pyw8Xnaum9Sa0NrqFWsnrrJXt/HHemF3/re932iibr+P9uweRN1XCDm9vgb opXPQ60G7i+bRBMsY+I3PXpiSPKaJIhxLObJRpsYFFooRTkvLyyXNMLnAER1pmOCYynEx//klbGklhJNU6C9RcK7erChwLOUsDnRmjNVUrnuV+DdvlKvJwbhg SZYrmpDFQZOcQ5XC6iXBkAlKFJ9pgIlgelZIplhgovR7s/QS6pvC28Gp07U1frvXPDpermMDPAPPQRvYYB8cgTdgAFxAjEvji/HN+G5+Mr+aP8yfi1TTWNbsg JUwf/0GOmj8wA==</latexit><latexit sha1_base64="xMQCcTZ8Yqwwta1njRwFP1vnA54=">AAADPHicj VLNb9MwFHfC1wgf67YjF4uqUiumygmjW7XLNC4cdigV2SY1JXIcNzVzPmQ7SFWUP2wX/ghuO3HhAEJcOeO0zVgrhnhSpN/He8/PLw4yzqRC6Mow79y9d//Bxk Pr0eMnTzcbW9unMs0FoS5JeSrOAywpZwl1FVOcnmeC4jjg9Cy4eF35Zx+pkCxN3qlZRscxjhI2YQQrLflbxrDlKcZDCk/8wtmNSqvmw5q7770QR37hiRieDH adsu0deiRMlXfYcW/IOvOWpPUGVsvhSzpcp7amehR7fvSwBv9sUc0spqkfXVe2Pyw8Xnaum9Sa0NrqFWsnrrJXt/HHemF3/re932iibr+P9uweRN1XCDm9vgb opXPQ60G7i+bRBMsY+I3PXpiSPKaJIhxLObJRpsYFFooRTkvLyyXNMLnAER1pmOCYynEx//klbGklhJNU6C9RcK7erChwLOUsDnRmjNVUrnuV+DdvlKvJwbhg SZYrmpDFQZOcQ5XC6iXBkAlKFJ9pgIlgelZIplhgovR7s/QS6pvC28Gp07U1frvXPDpermMDPAPPQRvYYB8cgTdgAFxAjEvji/HN+G5+Mr+aP8yfi1TTWNbsg JUwf/0GOmj8wA==</latexit>
=<latexit sha1_base64="7SFmMYaUqP8vKasfvGCWrOzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlU EFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQTQVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1js vunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/JzIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9 lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0DypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit><latexit sha1_base64="7SFmMYaUqP8vKasfvGCWrOzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlU EFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQTQVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1js vunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/JzIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9 lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0DypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit><latexit sha1_base64="7SFmMYaUqP8vKasfvGCWrOzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlU EFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQTQVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1js vunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/JzIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9 lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0DypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit><latexit sha1_base64="7SFmMYaUqP8vKasfvGCWrOzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlU EFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQTQVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1js vunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/JzIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9 lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0DypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit>
=<latexit sha1_base64="7SFmMYaUqP8vKasfvGCWrOzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlUEFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQTQVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1jsvunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/JzIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0DypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit><latexit sha1_base64="7SFmMYaUqP8vKasfvGCWrOzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlUEFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQTQVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1jsvunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/JzIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0DypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit><latexit sha1_base64="7SFmMYaUqP8vKasfvGCWrOzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlUEFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQTQVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1jsvunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/JzIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0DypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit><latexit sha1_base64="7SFmMYaUqP8vKasfvGCWrOzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlUEFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQTQVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1jsvunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/JzIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0DypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit>
=<latexit sha1_base64="7SFmMYaUqP8vKasfvGCWr OzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlUEFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy 4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQT QVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1jsvunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2 lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/J zIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0D ypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit><latexit sha1_base64="7SFmMYaUqP8vKasfvGCWr OzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlUEFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy 4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQT QVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1jsvunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2 lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/J zIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0D ypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit><latexit sha1_base64="7SFmMYaUqP8vKasfvGCWr OzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlUEFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy 4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQT QVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1jsvunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2 lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/J zIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0D ypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit><latexit sha1_base64="7SFmMYaUqP8vKasfvGCWr OzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlUEFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy 4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQT QVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1jsvunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2 lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/J zIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0D ypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit>
=<latexit sha1_base64="7SFmMYaUqP8vKasfvGCWrOzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlUEFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQTQVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1jsvunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/JzIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0DypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit><latexit sha1_base64="7SFmMYaUqP8vKasfvGCWrOzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlUEFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQTQVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1jsvunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/JzIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0DypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit><latexit sha1_base64="7SFmMYaUqP8vKasfvGCWrOzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlUEFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQTQVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1jsvunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/JzIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0DypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit><latexit sha1_base64="7SFmMYaUqP8vKasfvGCWrOzRZjM=">AAACFXicbZDNSsNAFIUn9a/Gv6hLN4OlUEFKIoJCEYpuXFYwbaGJZTKZtkMnmTAzEUroS7jxVdy4UMSt4M63cdoG1NYDAx/n3sude4KEUals+8soLC2vrK4V182Nza3tHWt3ryl5KjBxMWdctAMkCaMxcRVVjLQTQVAUMNIKhleTeuueCEl5fKtGCfEj1I9pj2KktNW1jsvunReifjfzRAQZx+OKV/NwyJVXO3J/XLPcNy+6Vsmu2lPBRXByKIFcja716YUcpxGJFWZIyo5jJ8rPkFAUMzI2vVSSBOEh6pOOxhhFRPrZ9KoxLGsnhD0u9IsVnLq/JzIUSTmKAt0ZITWQ87WJ+V+tk6reuZ/ROEkVifFsUS9lUHE4iQiGVBCs2EgDwoLqv0I8QAJhpYM0dQjO/MmL0DypOppvTkv1yzyOIjgAh6ACHHAG6uAaNIALMHgAT+AFvBqPxrPxZrzPWgtGPrMP/sj4+AbkZJ1a</latexit>
{
<latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit>
{
<latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit>
{
<latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit><latexit sha1_base64="mzNtekqgOAV99pK7VqaECv9o9+Y="></latexit>
2lLR,
<latexit sha1_base64="d9YYWopsURdlCArHWxCT/SPqJZ8=">AAACanic dVHLSsNAFJ3Ed3xVBUXcDFZBoZSkCApuRDcuXFQxKjQ1TCbTdujkwcyNUEIW/qI7v8CNH+G0plCrXhg459xz53EmSAVXYNvvhjkzOze/sLhkLa+srq1XNjYf VJJJylyaiEQ+BUQxwWPmAgfBnlLJSBQI9hj0r4b9xxcmFU/iexikrB2Rbsw7nBLQkl95PfSAi5DhGz93at3CGvO7MXefvZB0/dyTEb5p1pziyDv3aJiAd37s Tsja+Y9pegOrIUp2V2sUfqVq1+1R4d/AKUEVldX0K29emNAsYjFQQZRqOXYK7ZxI4FSwwvIyxVJC+6TLWhrGJGKqnY+iKvChVkLcSaReMeCROjmRk0ipQRRo Z0Sgp6Z7Q/GvXiuDzlk753GaAYvp90GdTGBI8DB3HHLJKIiBBoRKru+KaY9IQkH/jqVDcKaf/Bs8NOqOxrcn1YvLMo5FtIf20RFy0Cm6QNeoiVxE0Yexamwb O8anuWnumnvfVtMoZ7bQjzIPvgBbZrSK</latexit><latexit sha1_base64="d9YYWopsURdlCArHWxCT/SPqJZ8=">AAACanic dVHLSsNAFJ3Ed3xVBUXcDFZBoZSkCApuRDcuXFQxKjQ1TCbTdujkwcyNUEIW/qI7v8CNH+G0plCrXhg459xz53EmSAVXYNvvhjkzOze/sLhkLa+srq1XNjYf VJJJylyaiEQ+BUQxwWPmAgfBnlLJSBQI9hj0r4b9xxcmFU/iexikrB2Rbsw7nBLQkl95PfSAi5DhGz93at3CGvO7MXefvZB0/dyTEb5p1pziyDv3aJiAd37s Tsja+Y9pegOrIUp2V2sUfqVq1+1R4d/AKUEVldX0K29emNAsYjFQQZRqOXYK7ZxI4FSwwvIyxVJC+6TLWhrGJGKqnY+iKvChVkLcSaReMeCROjmRk0ipQRRo Z0Sgp6Z7Q/GvXiuDzlk753GaAYvp90GdTGBI8DB3HHLJKIiBBoRKru+KaY9IQkH/jqVDcKaf/Bs8NOqOxrcn1YvLMo5FtIf20RFy0Cm6QNeoiVxE0Yexamwb O8anuWnumnvfVtMoZ7bQjzIPvgBbZrSK</latexit><latexit sha1_base64="d9YYWopsURdlCArHWxCT/SPqJZ8=">AAACanic dVHLSsNAFJ3Ed3xVBUXcDFZBoZSkCApuRDcuXFQxKjQ1TCbTdujkwcyNUEIW/qI7v8CNH+G0plCrXhg459xz53EmSAVXYNvvhjkzOze/sLhkLa+srq1XNjYf VJJJylyaiEQ+BUQxwWPmAgfBnlLJSBQI9hj0r4b9xxcmFU/iexikrB2Rbsw7nBLQkl95PfSAi5DhGz93at3CGvO7MXefvZB0/dyTEb5p1pziyDv3aJiAd37s Tsja+Y9pegOrIUp2V2sUfqVq1+1R4d/AKUEVldX0K29emNAsYjFQQZRqOXYK7ZxI4FSwwvIyxVJC+6TLWhrGJGKqnY+iKvChVkLcSaReMeCROjmRk0ipQRRo Z0Sgp6Z7Q/GvXiuDzlk753GaAYvp90GdTGBI8DB3HHLJKIiBBoRKru+KaY9IQkH/jqVDcKaf/Bs8NOqOxrcn1YvLMo5FtIf20RFy0Cm6QNeoiVxE0Yexamwb O8anuWnumnvfVtMoZ7bQjzIPvgBbZrSK</latexit><latexit sha1_base64="d9YYWopsURdlCArHWxCT/SPqJZ8=">AAACanic dVHLSsNAFJ3Ed3xVBUXcDFZBoZSkCApuRDcuXFQxKjQ1TCbTdujkwcyNUEIW/qI7v8CNH+G0plCrXhg459xz53EmSAVXYNvvhjkzOze/sLhkLa+srq1XNjYf VJJJylyaiEQ+BUQxwWPmAgfBnlLJSBQI9hj0r4b9xxcmFU/iexikrB2Rbsw7nBLQkl95PfSAi5DhGz93at3CGvO7MXefvZB0/dyTEb5p1pziyDv3aJiAd37s Tsja+Y9pegOrIUp2V2sUfqVq1+1R4d/AKUEVldX0K29emNAsYjFQQZRqOXYK7ZxI4FSwwvIyxVJC+6TLWhrGJGKqnY+iKvChVkLcSaReMeCROjmRk0ipQRRo Z0Sgp6Z7Q/GvXiuDzlk753GaAYvp90GdTGBI8DB3HHLJKIiBBoRKru+KaY9IQkH/jqVDcKaf/Bs8NOqOxrcn1YvLMo5FtIf20RFy0Cm6QNeoiVxE0Yexamwb O8anuWnumnvfVtMoZ7bQjzIPvgBbZrSK</latexit>
2lL ,1
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FIG. S7. Schematic illustration of the additivity of the relative SPI and the cohomology class. Up to tensoring with (equal numbers of) 1’s and
ρg’s, Lg(jl) and Rg(jr) of ULP = ULP,1ULP,2 are unitarily equivalent to L1,g(jl)⊗ R˜2,g(jm) and L˜2,g(jm + 1)⊗R1,g(jr), respectively.
Proposition 4 The cohomology class of Lg , which is opposite
to that of Rg , is a well-defined global character.
To see this, note that Lg(jl) and R˜g(jm) are equivalent pro-
jective representations (Fig. S6 bottom) and the cohomology
class cannot depend on jl. 
Just like the case of MPUs, we have
Theorem 6 The relative SPI is a topological invariant, which
is additive by tensoring and composition.
Proof: We consider a continuous path of G-symmetric
locality-preserving unitaries ULP(λ), along which the maxi-
mal Lieb-Robinson length is denoted as lmax ≡ maxλ lLR(λ).
For a fixed g-string operator ρg[jl,jr] with |jl − jr| ≥ 4lmax,
we have the factorization relation
U†LP(λ)ρg[jl,jr]ULP(λ)
= Lg(jl;λ)⊗ ρg[jl+lmax,jr−lmax] ⊗Rg(jr;λ),
(S79)
where Lg(jl;λ) and Rg(jr;λ) act on Il ≡ [jl − lmax, jl +
lmax−1] and Ir ≡ [jr−lmax+1, jr+lmax], respectively. Note
that although the factorization in Eq. (S79) may not be opti-
mal in the sense that Lg(jl;λ) andRg(jr;λ) can be reduced to
1⊗∆l⊗Lopg (jl;λ)⊗ρ⊗∆lg and ρ⊗∆lg ⊗Ropg (jl;λ)⊗1⊗∆l with
∆l = lmax − lLR(λ). Nevertheless, the ratio |TrLg/TrRg|
always determines the relative SPI since additional factors
χg’s and d’s cancel out. Inspired by the experimental scheme,
we can express the relative SPI in terms of ULP(λ) via
1
4
log
∣∣∣∣∣ TrI¯l [TrIl ρ
H
g[jl,jr]
(λ) TrIl ρ
H
g[jl,jr]
(λ)†]
TrI¯r [TrIr ρ
H
g[jl,jr]
(λ) TrIr ρ
H
g[jl,jr]
(λ)†]
∣∣∣∣∣ , (S80)
where ρHg[jl,jr](λ) ≡ U
†
LP(λ)ρg[jl,jr]ULP(λ) is continuous
with respect to λ. Accordingly, the relative SPI is a contin-
uous function of λ. On the other hand, since Lg ⊗ Rg is a
linear representation (see also the proof of Thm. 3), we know
that indg − ind takes values over a finite setlog |
∑
j∈Zdg njω
j
dg
|
dlmax |χg|lmax :
∑
j∈Zdg
nj = d
2lmax
 . (S81)
Therefore, the relative SPI must be a topological invariant.
We move on to prove the additivity. Consider two G-
symmetric locality-preserving unitaries ULP,1 and ULP,2 with
Lieb-Robinson lengths lLR,1 and lLR,2, then their composi-
tion ULP = ULP,1ULP,2 is again G-symmetric and locality-
preserving with lLR = lLR,1 + lLR,2 − ∆l12 (∆l12 ≥ 0).
As shown in Fig. S7, which is similar to Fig. S6, we apply a
“pull-back” technique to U†LP,1ρg[jl,jr]ULP,1 to obtain (a rig-
orous derivation is parallel to the proof of Prop. 3)
(dχg)
∆l12 TrLg(jl) = TrL1,g(jl) Tr R˜2,g(jm),
(dχg)
∆l12 TrRg(jr) = TrR1,g(jr) Tr L˜2,g(jm + 1),
(S82)
which implies
log
∣∣∣∣TrLg(jl)TrRg(jr)
∣∣∣∣ = log ∣∣∣∣TrL1,g(jl)TrR1,g(jr)
∣∣∣∣+log
∣∣∣∣∣ Tr R˜2,g(jm)Tr L˜2,g(jm + 1)
∣∣∣∣∣
(S83)
and thus the additivity of the relative SPI. 
In fact, the same result (Thm. 6) holds for the cohomology
class, to show which we need the following Lemma:
Lemma 4 Let U(λ) = UA(λ)⊗UB(λ) be a continuous path
of unitaries acting on a bipartite system A
⋃
B, then we can
always choose a proper U(1) gauge such that UA(λ) and
UB(λ) are separately continuous paths.
Proof: By assumption, we have
UA(λ)⊗ U¯A(λ) = 〈ΦB′B |U(λ)⊗ U¯(λ)|ΦB′B〉 (S84)
where |ΦBB′〉 = 1√dB
∑dB
j=1 |jBjB′〉 is the maximally en-
tangled state of subsystem B and its copy B′. Moreover,
UA(λ) ⊗ U¯A(λ) must be continuous with respect to λ as
U(λ) is. Decomposing the entry of UA(λ) as [UA(λ)]mn =
rmn(λ)ωmn(λ) with rmn(λ) ∈ R+
⋃{0} and ωmn(λ) ∈
U(1), we can uniquely determine all rmn(λ) from [UA(λ) ⊗
U¯A(λ)]mm,nn = rmn(λ)
2 and all ωmn(λ)/ωm′n′(λ) with
rmn(λ)rm′n′(λ) 6= 0 from [UA(λ) ⊗ U¯A(λ)]mm′,nn′ =
rmn(λ)rm′n′(λ)ωmn(λ)/ωm′n′(λ), which are all continuous.
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Also, the unitarity
∑
m rmn(λ)
2 =
∑
n rmn(λ)
2 = 1 implies
at least dA nonzero entries. Imposing continuity to (the phase
of) an arbitrary nonzero entry, the continuity of the others im-
mediately follows from the continuity of ωmn(λ)/ωm′n′(λ)
and we obtain a continuous path of UA(λ). The correspond-
ing UB(λ) can be determined from
UB(λ) = d
−1
A TrA[(U
†
A(λ)⊗ 1B)U(λ)], (S85)
which is also continuous with respect to λ. 
We are now ready to prove
Theorem 7 The cohomology class is a topological invariant,
which is additive by tensoring and composition.
Proof: According to the factorization relation (S73), using the
same notations in the proof of Thm. 6, we have
Lg(jl;λ)⊗Rg(jr;λ)
= d4lmax−L TrI¯l
⋂
I¯r [ρ
†
g[jl+lmax,jr−lmax]ρ
H
g[jl,jr]
(λ)],
(S86)
where ρHg[jl,jr](λ) ≡ U
†
LP(λ)ρg[jl,jr]ULP(λ) is continuous
with respect to λ. Therefore, we can apply Lemma 4 and find
two continuous paths Lg(jl;λ) and Rg(jr;λ), which are pro-
jective representations belonging to the opposite cohomology
classes due to the fact that Lg(jl;λ) ⊗ Rg(jr;λ) is a linear
representation. According to Ref. [34], the cohomology class
must stay unchanged along the continuous path. To prove the
additivity, we only have to employ the pull-back technique
shown in Fig. S7 and then use the additivity of cohomology
class upon tensoring. 
Finally, we claim that, as a special case of inhomogeneous
locality-preserving unitaries,
Theorem 8 An open-boundary locality-preserving unitary al-
ways has trivial index, SPIs and cohomology character.
Proof: For the case of the (symmetry-irrelevant) index, see
Ref. [37]. In the presence of symmetry, we consider a g-
string operator ρg[0,jr] starting from the left edge of an open-
boundary locality-preserving unitary ULP with length L and
Lieb-Robinson length lLR (we choose jr > lLR). Combining
the locality-preserving property and the identity
U†LP ρg[0,jr]ULP = ρ
⊗L
g U
†
LP ρ
†
g[jr+1,L−1]ULP , (S87)
we know that Lg(0) = 1⊗lLR ⊗ ρ⊗lLRg (where 1⊗lLR acts on
the rightmost lLR sites), implying that both the SPI and the
cohomology class are trivial. 
Implication for thermalization
As pointed out in Ref. [37], ind 6= 0 implies Floquet ther-
malization. Here, we argue that even if ind = 0, thermal-
ization will still be enforced whenever indg 6= 0. Combin-
ing Eq. (S75), TrLg TrRg = d2lLRχ2lLRg with the fact that
|TrLg| and |TrRg| are no more than d2lLR , we can bound
lLR of ULP from below by (ind = 0 used)
lLR ≥ |indg|
log(d/|χg|) . (S88)
It follows from the additivity of indg that lLR of U tLP grows
at least linearly with t, a universal feature of Floquet ther-
mal phases. This expectation may be called SPT-enforced
thermalization [81], and is to be contrasted with the case of
nontrivial cohomology class, which implies either thermaliza-
tion or many-body localization accompanied by spontaneous
symmetry breaking [47]. On the other hand, analogous to the
fact that ULP with ind 6= 0 cannot be generated by a finite-
depth circuit of local unitaries [37], G-symmetric ULP with
indg 6= 0 cannot be generated by a finite-depth circuit of G-
symmetric local unitaries (with indg = 0 each), just like those
in nontrivial cohomology classes [47].
TOWARDS A COMPLETE CLASSIFICATION
Similar to the case of equivalence, the question whether
the SPIs together with the index and the cohomology class
give a complete classification for strong equivalence is settled
by whether an MPU with trivial SPIs, index and cohomology
class is always strongly equivalent to the identity. The answer
turns out to be no, because the SPI can be further refined, at
least for those MPUs with trivial cohomology.
Refined SPI
Let us first introduce the definition of refined SPI:
Definition 4 (Refined SPI) Given a G-symmetric MPU in
the trivial cohomology class, a refined index with respect to
any g ∈ G with χg 6= 0 is defined as
rindg =
(
Tr yg
Tr ρg
)dg
, (S89)
where yg is already lifted to a linear representation.
As yg is a linear representation, the phase ambiguity is dis-
cretized as a 1D representation and thus killed by the power
dg , implying that the refined SPI is well-defined for a given
standard form. To show
Proposition 5 Given aG-symmetric MPU in the trivial coho-
mology class and g ∈ G with χg 6= 0, the refined SPI given
in Eq. (S89) is well-defined, although the standard form is not
unique.
we can use almost the same analysis for the blocking-
independence of the SPI.
We still have to prove that the refined SPI is not only well-
defined but also a topological invariant. To this end, we need
the following Lemma:
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Lemma 5 Given a continuous path of projective representa-
tion zg(λ) of a finite group G in the trivial cohomology class,
there exists a continuous function ωg : λ → U(1) such that
ωg(λ)zg(λ) is a continuous path of linear representation.
Proof: By assumption, there exists z′g(λ) = ω
′
g(λ)zg(λ)
which is a linear representation but not necessarily continu-
ous with respect to λ. From z′g(λ)
dg = 1, we know that
ω′g(λ)
dg = zg(λ)
−dg should be continuous, thus ω′g(λ) =
ωcg(λ)ω
ng(λ)
dg
with ωcg(λ) being continuous and ng(λ) ∈
Zdg . Moreover, from z
′
g(λ)z
′
h(λ) = z
′
gh(λ), we know that
ω′g(λ)ω
′
h(λ)ω
′
gh(λ)
−1 = [zg(λ)zh(λ)zgh(λ)]−1 is continu-
ous, implying the continuity of ωng(λ)dg ω
nh(λ)
dh
ω
−ngh(λ)
dgh
. On
the other hand, ωng(λ)dg ω
nh(λ)
dh
ω
−ngh(λ)
dgh
takes discrete val-
ues in {ωjdG : j ∈ ZdG} (dG: order of group G), so
ω
ng(λ)
dg
ω
nh(λ)
dh
ω
−ngh(λ)
dgh
= ω
ng(0)
dg
ω
nh(0)
dh
ω
−ngh(0)
dgh
should be
λ-independent. Now defining z′′g (λ) ≡ ωcg(λ)ωng(0)dg zg(λ)
which is obviously continuous, we can check that it is a linear
representation. 
Combining Prop. 5 and Lemma 5, we immediately obtain
Theorem 9 The refined SPI is a topological invariant, which
is multiplicative by tensoring and composition.
The generalization of the refined SPI to inhomogeneous
locality-preserving unitaries can be done in full analogy to the
generalization of the SPI.
We note that indg = d−1g log |rindg|, so the refinement
comes from the phase of rindg , whose absolute value con-
tains the same information as indg . On the other hand, due
to the integer factor dg 6= 1 for ∀g 6= e which is necessary
for eliminating the ambiguity of the definition, log |rindg| or
the real part of log rindg does not have a clear information-
theoretic interpretation and is, in particular, not directly re-
lated to the edge imbalance of an evolved symmetry string
operator. Therefore, we prefer not taking the logarithm when
defining the refined SPIs.
Since rindg is a topological invariant, we have
Theorem 10 Given two symmetric, strongly equivalent
MPUs U0 and U1, then U
†
1U0 has trivial (unit) refined SPIs.
A minimal example that is not strongly equivalent to the iden-
tity as indicated by Thm. 10 but not captured by Thm. 2 in
the main text is a Z3-symmetric MPU consisting of qutrits.
Denoting ρ(j) (j ∈ Z3) as the irreducible (1D) represen-
tation of Z3 with ρ
(j)
1Z3
= ωj3, for ρ = ρ
(0) ⊕ 2ρ(1), we
can realize x = y = ρ(0) ⊕ 2ρ(2) on the virtual level due
to ρ ⊗ ρ = x ⊗ y = ρ(0) ⊕ 4ρ(1) ⊕ 4ρ(2). Substituting
Tr y1Z3 = 1 + 2ω
2
3 and Tr ρ1Z3 = 1 + 2ω3 into Eq. (S89), we
obtain rind1Z3 = −1 6= 1, implying that the MPU cannot be
deformed into the identity without breaking the Z3 symme-
try with such a fixed representation. We will see an explicit
construction of such an MPU in the following subsection.
While Thm. 10 is undoubtedly an improved criterion for
ruling out strong equivalence, we still do not know whether
it gives the complete classification. It is also far from clear
whether we can measure rindg in experiments.
Systematic construction of nontrivial MPUs in the trivial
cohomology class
Given an MPU in the trivial cohomology class, all the pro-
jective representations zg , xg and yg on the virtual level can
be lifted to linear representations, which are all elements in
the representation ring [74]:
Definition 5 (Representation Ring) For a finite group G
with in total r different irreducible representations denoted
by ρ1, ρ2, ..., ρr, the representation ring R(G) is defined as
{ρ = ⊕rα=1 nαρα : nα ∈ Z}, on which the addition be-
tween two elements ρ =
⊕r
α=1 nαρα and ρ
′ =
⊕r
α=1 n
′
αρα
is defined as
ρ⊕ ρ′ ≡
r⊕
α=1
(nα + n
′
α)ρα, (S90)
while their multiplication is defined as
ρ⊗ ρ′ ≡
r⊕
α=1
 r∑
β,γ=1
Nαβγnβn
′
γ
 ρα, (S91)
where the nonnegative integer (Littlewood-Richardson) coef-
ficients Nαβγ are determined from ρβ ⊗ ργ =
⊕r
α=1N
α
βγρα,
the decomposition of the tensor-product representation.
According to the character theory, there is an injective map
χ : R(G)→ Cr (r is also the number of conjugacy classes)
χ(ρ) ≡ (Tr ρg1 ,Tr ρg2 , ...,Tr ρgr ), (S92)
where Tr ρgj =
∑
i niχij ∈ Z[ωdgj ] (Kummer ring), gj
is a representative element of the jth conjugacy class and
χij ≡ Tr ρi,gj is an entry in the character table. From the
injectivity of χ, we know that Nαβγ = N
α
γβ and thus R(G) is
commutative. Note that Z can be regarded as the representa-
tion ring of the trivial group G = {e}.
With the notion of representation ring in mind, we can sys-
tematically construct MPUs with nontrivial SPIs through find-
ing nontrivial solutions to
ρ⊗2 = x⊗ y, x, y, ρ ∈ R+(G), (S93)
where R+(G) is a subset of R(G) consisting of all the linear
representations (i.e., nα ≥ 0 and
∑r
α=1 nα ≥ 1), ρ is on the
physical level and x and y are on the virtual level of the stan-
dard form (c.f. Eq. (3) in the main text). By nontrivial, we
mean that x 6= ρ1D ⊗ ρ for any one-dimensional representa-
tion ρ1D of G, otherwise the MPU can be trivialized into the
identity. In practice, we may alternatively focus on the non-
trivial decomposition of the character vector, of which each
component is decomposed on the Kummer ring.
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For the simplest case G = Zn, we have r = n and Nαβγ =
δα,β+γ and a minimal example of nontrivial decomposition
(2ρ0 ⊕ 2ρ1)⊗2 = 4ρ0 ⊗ (ρ0 ⊕ 2ρ1 ⊕ ρ2) (S94)
has already been mentioned in the main text and can be re-
alized by the bilayer SWAP circuit on two qubits via (2ρ0 +
2ρ1) = (2ρ0)⊗ (ρ0 + ρ1):
SWAP SWAP
SWAP
· · · · · · = · · · · · · ,
(S95)
where is the CNOT gate |0〉〈0| ⊗ 1+ |1〉〈1| ⊗X and the
part marked in the gray rectangle is the building block U . The
equivalence between the left and right hand sides in Eq. (S95)
can be understood from
SWAP = = .
(S96)
For n = 2, however, such a nontrivial decomposition (S94) is
not stable against blocking, i.e., ρ ⊗ x = ρ ⊗ ρ. Indeed, we
can trivialize the bilayer SWAP circuit as follows:
· · · · · · → · · · · · · → · · · · · · ,
(S97)
where the local quantum gates in the gray boxes can contin-
uously be deformed into local identities without breaking the
Z2 symmetry (represented by 1 ⊗ Z). When n ≥ 3, the sta-
bility of the nontrivial MPU against blocking (and disorder) is
ensured by the nontrivial SPI.
To construct a Z2-symmetric MPU with zero index and
nonzero SPI, we first write down the general representation-
decomposition relation
(d0ρ0⊕d1ρ1)⊗2 = (m0ρ0⊕m1ρ1)⊗(n0ρ0⊕n1ρ1), (S98)
which is equivalent to
(d0 ± d1)2 = (m0 ±m1)(n0 ± n1). (S99)
By assumption, we would like to find a solution with d = d0+
d1 = m0 +m1 = n0 +n1 and m0−m1 6= n0−n1, d0 6= d1.
After some trials, a minimal solution with the smallest local
Hilbert-space dimension d = 8 is found to be
(6ρ0 ⊕ 2ρ1)⊗2 = (5ρ0 ⊕ 3ρ1)⊗ 8ρ0. (S100)
Regarding d = 8 = 23 as three qubits, we can implemented
Eq. (S100) with
ρ1Z2 = (|1〉〈1| ⊗ Z + |0〉〈0| ⊗ 1)⊗ 1,
x1Z2 = |00〉〈00| ⊗ 1 + (1⊗2 − |00〉〈00|)⊗ Z,
y1Z2 = 1
⊗3,
(S101)
which can be realized by
u = U ,
(S102)
v =
U ′
,
where the two-qubit-controlled gate in u is given by
|11〉〈11| ⊗ (X ⊗ |0〉〈0|+ 1⊗ |1〉〈1|)
+|01〉〈01| ⊗ S + 1⊗ |0〉〈0| ⊗ 1⊗2, (S103)
and that in v = Su†S (S swaps two adjacent sites, either of
which consists of three qubits) is given by
(|0〉〈0| ⊗X + |1〉〈1| ⊗ 1)⊗ |11〉〈11|
+S⊗ |01〉〈01|+ 1⊗3 ⊗ |0〉〈0|, (S104)
Finally, we present an explicit construction that realizes
(ρ0 ⊕ 2ρ1)⊗2 = (ρ0 ⊕ 2ρ2)⊗2, (S105)
on R(G = Z3), the minimal example with trivial SPIs but a
nontrivial refined SPI, as mentioned in the previous subsec-
tion. We consider a qutrit system and specify the representa-
tions on the physical and virtual levels as
ρ1Z3 = |0〉〈0|+ ω3(|1〉〈1|+ |2〉〈2|),
x1Z3 = y1Z3 = ρ
2
1Z3
= ρ2Z3 .
(S106)
To transform ρ⊗ ρ into x⊗ y, we can use
u = v = ,
(S107)
where ≡∑j∈Z3 |j〉〈j| ⊗X−j (X ≡∑k∈Z3 |k − 1〉〈k|)
is a natural generalization of the CNOT gate. We can
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FIG. S8. (a) General construction of a 2D symmetric Floquet system whose edge dynamics is characterized by a nontrivial SPI. (Left) The
thick black lines denote the conjugation by u : Cd⊗Cd → Cl⊗Cr and all the colored lines are the SWAP gates on two copies of Cl (left virtual
Hilbert space). After u conjugations, the SWAP gates are pulled back to the physical level. (Right) Each colored line corresponds to a SWAP
gate on two copies of Cd (physical Hilbert space). In both figures, the SWAP gates are switched on sequentially as red→blue→green→orange.
The bulk dynamics of the Floquet system is trivial, as indicated by the arrows forming loops. (b) Tensor-network representation (standard form)
of the (bottom) edge dynamics. The left hand side corresponds directly to the action by (a) Left followed by (a) Right, while it is clear from
the right hand side that v = u†Sv, where Sv is the SWAP gate Cl ⊗ Cr → Cr ⊗ Cl that exchanges the left and right virtual Hilbert spaces.
easily check that v|00〉 = |00〉, v(|01〉, |12〉, |02〉, |21〉) =
(|12〉, |02〉, |21〉, |01〉) and v(|10〉, |11〉, |20〉, |22〉) =
(|11〉, |20〉, |22〉, |10〉), implying
ρ⊗21Z3 v = vρ
⊗2
2Z3
, ρ⊗22Z3 v = vρ
⊗2
1Z3
. (S108)
DETAILS ON THE PARENT FLOQUET SYSTEMS
In this section, we show that given any (refined) SPI, we
can construct a 2D Floquet system such that its bulk dynam-
ics is trivial while its edge dynamics is an MPU characterized
by the prescribed SPI (including the chiral index). In fact, this
construction is equally applicable to nontrivial cohomology
classes, thus provides a unified point of view for understand-
ing topological MPUs with symmetries and their relations to
2D Floquet systems. In turn, this construction implies that
2D Floquet SPT phases are much richer than expected, in the
sense of strong equivalence.
Given a set of well-defined (refined) SPIs and/or the co-
homology class, we can find u such that x ⊗ y = u%⊗2u†
gives the desired decomposition of the symmetry representa-
tion %⊗2 = ρ⊗2k (after blocking). The general construction is
then schematically illustrated in Fig. S8(a), where black and
white sites live on the vertices of square plaquettes while gray
sites live in the centers. Regardless of the color, each site is
assigned with a local Hilbert space Cd, where the symmetry
is linearly represented as ρ. We impose the periodic (open)
boundary condition to the horizontal (vertical) direction. In
the first half of a Floquet period, we sequentially apply direct
products of u-conjugated SWAP gates of black sites as follows
(see Fig. S8(a) Left):
U = U U U U , (S109)
where
U =
⊗
u†⊗2S u⊗2, (S110)
with S acting on two copies of Cl, on which the symmetry
is represented as x. Here the identities on the virtual Hilbert
space Cr, where the symmetry representation is y, are omitted
for simplicity. Other unitaries in Eq. (S109) are defined simi-
larly. One can check that U is trivial in the bulk, while the left
virtual Hilbert spaces Cl are left(right)-translated to the near-
est one (separated by two physical sites) at the lower (upper)
boundary (see the arrows at the edges of Fig. S8(a) Left). In
the second half of a Floquet period, we sequentially apply di-
rect products of SWAP gates on the physical level as follows
(see Fig. S8(a) Right):
U ′ = (U ′ ⊗U ′ )(U ′ ⊗U ′ )(U ′ ⊗U ′ )(U ′ ⊗U ′ ), (S111)
where
U ′ ⊗ U ′ =
⊗
S ⊗
⊗
S , (S112)
with S and S acting on two copies of Cd. This is ex-
actly the model studied in Refs. [37] and [63], which is the
bosonic counterpart of the anomalous Floquet insulator of free
fermions [62]. Such a unitary is also trivial in the bulk, while
the dynamics at the lower (upper) edge is the one-site right
(left) translation (see the arrows at the edges of Fig. S8(a)
Right). The entire Floquet operator is given by UF = U ′U ,
which again has a trivial bulk, but exhibits nontrivial edge dy-
namics described by the MPU given in Fig. S8(b).
